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ABSTRACT

In this paper we find a second class of sequences of random numbers
(zn)32, (the orbit of the ergodic adding machine) such that the corre-
sponding sequences of zeros and ones 1l ,)(zn) (n = 1,2,...,N) sat-
isfy Central Limit Theorems with extremely small standard deviation
on = O(/Tog N), instead of O(+/N), as N = oo.

Dedicated to Professor Benjamin Weiss on the occasion of his 60t* birthday.

1. Introduction

Let (Br)n’o be a sequence of real numbers from the unit interval [0, 1), 1jg 4 (x)
be the indicator function of the interval [0, y):

_f1, ifzeo,y)
(1.1) Lioy)(2) = {o, otherwise;

{v} is the fractional part of v; [v] is the integer part of v, ie., v = [v] + {v};
Lva = v — 1 for the integer v, and Lva = [v], otherwise.
According to Roth’s theorem (see Appendix)
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Let 2,y € [0,1) be uniformly distributed random variables. We see that the
standard deviation of the random variable Z;‘;JX"(I[O‘Z/)(,B”) — y) is bigger than
v/2=81log, N for the entire random or deterministic sequence (Br)n>o0-

In [B1], [B2], [B3], Beck found some results on the stochastic behavior of the

rotation on the circle. In particular, he proved

LzNa
1 —
c1vlog N

uniformly for all £ as N — oo, where « is a quadratic irrational number,

(1.3) volume{(u,y,z) €o,1)®

(1.4) B(t) = \/—12_; /_ tooe_“zﬂdu
and '
(15) 1[u,u+y)(v) = l[O,y)({v - u})

According to Roth’s theorem, this is a first class of sequences (8,)5%,
(8r = an, n = 0,1,...) such that the triangular array with random variable
Liu,uty)(Bn) — y satisfy the Central Limit Theorem (CLT) with extremely small
(by order of magnitude) standard deviation.

In this paper we find a second class of such sequences, namely,

Bn =T, (x), n=0,1,2,...,

where ¢ > 2 is an integer, and T,(z) is the von Neumann-Kakutani’s ergodic
adding machine: let © = .z122...2 and &’ = .z]z} ...z} be the g-expansion of
numbers z and z’ € [0,1), Ty(x) = z’ is defined by

0, fk=1,2,...,i—1,
(1.6) Th = {xi+1, if k=1,
xi, otherwise,

where zp =qg—1fork=1,2,...;,i—1and x; #¢—1;

THz) =T (Ty H(z), n=23,..., Tk) ==

The detailed description of the ergodic adding machine is given in [Fr, pp. 75—
83] and in [Pe, pp. 208-212]. As is known, the sequence (T (z))n>1 coincides for
x = 0 with the van der Corput sequence (see for example [LP], [P]).

We will prove the following three theorems:
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THEOREM 1.1: There exist constants c1,cs > 0 such that

LzNJ n _
S { oy o1y B (qu)((Tq (f\), )—1 v) Ne(x, wh) _ t} s
o1(zx,u, 084

(1.7) < c1(log, N) 77,
where
1 1LzNJ
(18) (e, M) = [ [0 (uur (T3 (0) - v)dyd:
and
(1.9)

1 p1 fLzNa 2
0’1(1’, u, N) :L /0 (Z (l[u,u+y)(T<?(f’3)) - y) - e(a:,u, N)) dyd;/ Iqu N
n=0
€ [2—12 10g2 q, 212q4]

for all (u,z) €[0,1)%,t € R and N > cs.

THEOREM 1.2: There exist constants c3,cs > 0 such that

Volume{(z,y,z) €1[0,1)®

Enty’ Mt TN =9 L g
o2(u, N)log, N

(1.10) < ¢s(log, N)~U7,
where
LzNJ 2
s N) = L) (T (x)) — dxdydz/log, N
(1.11) o2(, N) /[0’1)3 (T;( wuty) (T3 (7)) y)) xdydz/ log,

€ [27% log, ¢,2"%¢"]

for allu € [0,1),t € R, and N > ¢4.

THEOREM 1.3: There exist constants cs,cg > 0 such that

LzNJ n
3 2”:0 (l[u,u+y)(Tq ('T)) - y)
o3(z, N)log, N

volume (u,y,z) € [0,1)

<ty -—®()

(1.12) < cs(log, N~V
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where
LzNJ 2
aN = 1uu n —
(1.13) os(z, ) /[0,1)3 (ng( [wuty) (Tq (%) y)) dudydz/log, N

IS [2~12 10g2 q, 212q4]
for allz € [0,1),t € R, and N > cs.

The true error term in Theorem 1.1-Theorem 1.3 is O((log, N)~1/6=¢); for
simplicity we write O((log, N)~1/7).

Remark 1.1: Tt is easy to prove that oy(z,u, N), oa(u, N) and o3(x, N) do not
depend on u,z, and N for x = my/q", v = my/q" with integers m;, mq and r;
and for almost all (u,z) € [0,1)2.

Remark 1.2: Let ¢, > 2 (n = 1,2,...) be a sequence of integers. Consider
Cantor’s expansion of z € [0,1):

o0

T .

.T=..’L‘1.’1,‘2...=E ., withz, €{0,1,...,¢q, —1},n=1,2...
zlql...qn

and the odometer transform T'(z) = &’ = .zjz5 ... where

0, ifk=1,2,...,i—1
x;:{miﬁ-l, ifk=1
xi, otherwise

withoy =gy —1fork=1,2,...,i—land z; #¢; — 1.

Repeating the proof of Theorem 1.1-Theorem 1.3, we obtain that they are true
for the case of 3_;_, i = O(n), as n — 0o. The case of the arbitrary sequence
(gn)n>1 will be considered in a forthcoming paper. We note that (77(0))n>1
coincides with the generalized van der Corput sequence [PA].

Remark 1.3: In forthcoming papers we will prove that the considered triangular

LzNJ
n=0

array of random variables (1fy uty)(T5 () — ¥) satisfies the law of the iter-
ated logarithm, almost sure CLT, the invariance principle, and the large deviation
theorem.

We will also prove that CLT is valid for the generalized von Neumann-
Kakutani’s transform in the sense of [LP], [P], and for the following 1- and 2-

parameter random sequences:

fi(z,N)=#{k € [1,N]: T}(z) <c/k}, z€[0,1),N=1,2,...
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and

LzNJ
fa(z, 2, N) = Y TH@z)—L2NL/2, xz,z€[0,1)°, N=1.2,...
k=1

(compare with theorems from [B1], [B2], [B3]).
Theorem 1.3 was announced in [L].

2. Auxiliary lemmas

We will use the following notation:

T(e) = T,({2}),
where {z} is the fractional part of z;

i1, ifr<y,
(21) Iz <y)= {0, otherwise.
Similarly, we define functions I{(z < y), I(x > y), and I{z > y).
Let [z]+.z1z2. .. be the g-expansion of z, w, ¢; € {0,1,...,¢—1},i=1,2,....
We denote

k

(2.2) Rk(:c) = TpTp_1...-T1 = inqi-—k——l,
i=1
(2.3) {x}e = 21.. .2 = [¢"{x}]/q" fork=1,2,....
LEMMA 2.1: Let k,a,b > 0 be integers, and = € [0,1). Then
k L
ag* g°z] + T%(¢"x)

(2.4) 7o+ (g) = T”([——qk———).

Proof: For a = 0 the equality (2.4) is clear. Let (2.4) be true for @ > 0 and for
all integers k,b > 0. Then

T+ +b () = To(794"+0" (1)) = TO(v)

e o) + T°(g")
_ et (T +T%(¢"z
v="T ( e )
Now from (1.6), we obtain

o= (l¢"a] + T (¢*x))/q".

Lemma 2.1 is now proved by induction. ]
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LEMMA 2.2: Let z,y € [0,1), ¢ > 1 be an integer. Then

4

qg'—1

(2.5) D (Loy(T*(@) — v) = — {¢'v} + I(Ri(z) < Ri(y)I({¢'z} < {¢'y})

+I(Ri(z) > Ri())I(T(¢'z) < {q'y})-
Proof: The sequence {T*(z)}; (k=0,1,...,q" — 1) passes the set
{0,1/¢',2/¢"....,(¢" = 1)/q'}-
Hence there exists an integer ko € {0,1,...,¢° — 1} such that
(2.6) {T*(2)}i = {g}.
It is easy to see that

q'—1

(2.7) > 1,30 (TH@) = ¢ {u}i = d'y — {¢'y}-
k=0
By (2.6) we have
g'—1
Y (@) = Ly (TR W)
k=0
(28) = 1jo.gatyy/a) ({T™ (@) = {w}i})

= lio,4qiy}/ey({'T* (2)}/4°)
=I{d'T™(2)} < {d'v}).

We denote the left side of (2.5) by ¢. From (2.7) and (2.8), we conclude that

(2.9) o =~{g'y} + I{q'T* ()} < {d'y}).
Let now
(2.10) ki =q¢'Ri(y) and ko = ¢'Ri().

It follows from (1.6), (2.2) and (2.3) that
(2.11) {y}s =T*(0), {z}:=T"(0)

and

(2.12) ¢ =T"({g'z}/q").
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Then, in view of (1.6),

ik ( _ {qix}7 if ko + ko < qiv
(213) {gT™ ()} = {T{q’m}, otherwise.

By (2.6), (2.11) and {2.12), we obtain
{T***({¢'z}/q")}i = T"(0).
Next, from (1.6) we conclude that
ki = ko +ko (mod ¢')

and
ky+ ko < ¢ < ko < ki, for ki, ko, ko € [0,q").

Using (2.10), we obtain from (2.13)

(214) {gT™ (=)} = {’E“q(?qi’x}), gt}]zr(wffzsf -

Now in view of (2.9), the assertion of the lemma follows. |

LEMMA 2.3: Lett > 1, a > 0 be integers and v,y € [0,1). Then

(a+1)g=1

Y. (py(T*) ~y) =~ {d'y} + I(Ri(x) < Ri(y))
(2.15)  F=od ‘ ‘
x I(T*(¢'z) <{d'y}) + [(Ri(z) > Ri(y))

x I(T**(g'z) < {g'y}).

Proof: 'We denote the left side of (2.15) by 0. Bearing in mind that T“qi%(v) =
T%(T*9 (v)), we apply Lemma 2.2 with x = T°9 (v):

o == {g'y} + I(R(T™ (v)) < Ri()I({d'T* ()} < {g'y})
+ I(R(T*7 (v)) > Ri(w)[(T{g'T*" (v)} < {g'v})-
Now by Lemma 2.1, (1.6), and (2.2), we obtain
Ri(T*" (1)) = Ry(v),
{g'T* (v)} = T*({¢"v}),

and the assertion of the lemma follows. |
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Consider the g-expansion of the integer number M € [¢™, ¢™*?1),

m
(2.16) M =Y aq', witha;€{0,....q—1},i=0,...,m—1,
=0
Let,
(2.17) Mi=[M/dg= Y ad?, i=0,...,m.
k=i+1

It is easy to see that

(2.18) [0,M) = Q:Ol[qi(bi + M), ¢ (b + 1+ My)).
Define -
gi(L,2,y) = — {g'v} + I(Ri(z) < Ri() (T (g'x) < {¢'y})
(2.19) + I(Ri(x) > Ri(w) (T Y (¢'z) < {¢'y}) fori=1,2,...
and
(2.20) 9o(L, 2, y) = Lo ) (TE(z)) = .

We note that g;(L, z,y) is the function periodic with period 1 over arguments
and y (i =0,1,2,...).
From Lemma 2.3, we have

COROLLARY 2.1: Let z,y € [0,1), and M be an integer. Then in notation (2.16)
and (2.17)

M- 1 m a;—1
(2.21) 05)(T*(x)) — Z Z gi(bi + M;, z,y).
k:O i=0 b;=0

LEMMA 2.4: Let z,y,u € [0,1). Then

(2'22) 1[u,u+y)($) —u= 1[0,{u+y})(x) - {u + y} - 1[0,1/.)("‘3) +u.
Proof: Define
re€lAN (modl) 3leZ:x+LleEA.

According to (1.1) and (1.5)

Ly (@) = lpy({z—u}) =1 & {z -} €[0,y)

(2.23)
Sr—u€l0,y) (modl)sze€(u,ut+y) (modl).

Consider two cases:
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CasE 1: u+y<Ll
We see that {u+ y} = u+y, and

lyuty) (@) =1 @ 2 € [u,u+y).

Hence
1[u,u+y)(l‘) = 1[O,u+y)(x) = 1[0,u)(x)
and (2.22) follows.

CASE 2: u+y> 1.
By (2.23)
Huuty) () = 1) (@) + Lo futy) () = Lo gutyp (@) + 1 = 1o,u) (@)

Bearing in mind that {u + y} = u +y — 1 for this case, we now obtain (2.22).
The lemma, is proved. ]

Let

M-1
k=0

LEMMA 2.5: Let z,y,u € [0,1), M > 1 be an integer. Then in notations (2.16)
and (2.17)

(2.25) FM iz y—uu) =Y &(M,z,y,u)
1=0
where
a,;—l
(226) gi(Mv Yy, u) = Z (g’i(bi + Mi’ T, y) - gi(b'i + ]\/f'u z, 'Li))
b; =0

Proof: In view of Lemma 2.4, and (1.5) and that

fut{y—ul}={uty~u—-[y—u}={y-ly—ul} =y,

we obtain
M-1
FM 2y =) =Y (L, youpy({TH(x) —u}) — {y - u})
k=0
M-1

=2 (putiy-upy(T*(@)) = {y —u})

o
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M-1

(Lo, {ust (y—upp) (T*(@)) = {u+ {y — u}}

=
1l
=)

0.u)(T*(x)) + u)

(1[0 y)( Z 1[0u u)

k=0

]
i

x
o

Now from (2.21) and (2.26), we obtain the desired result. |

Thus f(N,z,y — u,u) is the sum of dependent random variables (§;)7, with
n = (log, N]. To prove Theorems 1.1-1.3 we will use Bernstein’s method [Bel,
approximating f by the sum of independent random variables 52%? (p=1,2,3):
We define

a,--l

(227) 61(";3(M1‘T, Y, u) = Z (gi,k(bi + M‘iv T, y) gz k (b + MZ’ z, u))
b; =0

with notations (2.16)—(2.18), where

9ik(L,z,v) = — {g'vhs + I{R:(@)}x < {Ri()}) (T (@'0) b < {g*v}s)

(2.28) + I{Ri(@)}x > {R:()}) (T g 2 }s),
(2.29) gg";c) (L,z,v) = g; x(L,z,v), for p=2,3,
and

(2:30)

g A (L,z,v) = = {g'v} + I(Ri(z) < Ri)I{T"(d'z)}x < {g'v}x)
+ I(Ri(x) > Ri(w)I({T* (¢'x)}x < {g'v}s), fori k> 1.

LEMMA 2.6: Let i > k > 1, L be integers;
k .
L= chqj, ¢;€{0,...,q—1}, z,vel0,1); z=.T122...,

and v = .w1vs.... Then g; x(L,z,v) depend only on

(Tiekt1s -« s Titk)y Wickstr--->Vitk), and (Coy...,Ch-1);
and g (L z,v) depend only on x,v,% and (¢, ..., Ch—1)-
Proof: By (2.2) and (2.3) we see that

(2.31) {g*v}e = Wig1 .. Vigk



Vol. 134, 2003 CENTRAL LIMIT THEOREMS 71
and
(2.32) {Ri(v)}k = V10i—1 .. Vi—g41.
From (1.6) and Lemma 2.1, we obtain
{TL(qim)}k: = {TL(~$1'+1 N ) {TL1(~1:1'+1 e Tigk) e

where Ly = 32522 e;qd.

J=0
Thus, by (2.28) we have that g; (L, z,v) depend only on (z;_k4+1,--.,Titk),
(Vi—kg1s---+Viex) and (co,...,ck—1). Similarly, from (2.30) we have that

g;lk)(L,x, v) depend only on x,4,v,% and (cg,...,ck—1). In view of (2.27), the

lemma is proved. | |

LEMMA 2.7: Let L > 0,7 > k; > k > 1 be integers, (z,y) € [0,1). Then

(2.33) mes {y € [0, 1)\gi,k(L, z,y) — gL, z,y) ¢ [O, ql—k)} < ;—k
and
30 mes{y e Dlgalliny) - g L) ¢ [0, 7)€

Proof: We will prove only the inequality (2.33). The proof of (2.34) is similar
to that of (2.33).

Let y = .y19y2 . .. be the g-expansion of y,

y(l) =Y1..-Yi—k e :{.vl...vi_k|v]~ (S {0,...,q—1},j=1,...,i—k},
y® =4yt Yick_1 € Qo = {.vl...vk]vj e{0,...,¢g—1},5=1,...,k},

¥ =yir1 . Vigk € Qo

(4) —

Y =Yk Yivk42--- € Q3 = {.v1v2 .. "Uj (S {0, g — 1},_} =1,2.. }

Using Fubini’s theorem, we obtain that the left hand side of (2.33) is equal to

/91 /93 /Qz /sz(gi,k(L,x,y)—Qi(L,a:,y)¢ [0, (Il—k))dw’

with dw = dy@dy®dy®dyD).
Hence, to prove (2.33) it is sufficient to verify that

1 2
2. [ gi o(L2,0) — g IV ay@ay® < 2
(2.35) /92/92 (g,k( &, y) — gi(L, z,y) € [O,qk))dy dy <5

for all y(U € Q; and y® € Q.
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It is easy to see that I{({R;(z)}x = {Ri(y)}x) = 1 holds only for one y(()Q) €Q,
(see (2.2)). Bearing in mind that

mes{y® € Oy | y@ =3V} = 1/4",

we get that to obtain (2.35), it is sufficient to prove that

(2.36) /Q I(gi,k(L’x’ y) = gL, z,y) ¢ [0, qlk))dym < qik

for all y € @y, y® € Q3 and y@ € Oy ~yiP. I {Ri(@)}r < {Riy)}x) = L,
then by (2.2) and (2.3), I{R;(z) < Ri(y)) = 1, and by (2.19) and (2.28),

9ik(L,2,y) — gi(L, 2, y) — {d'y} + {a'v}e =I({TE(¢'2)}x < {g'v}x)
- I(T*(¢'z) < {d'y}).

We see that the right side of (2.37) can be not equal to zero only for the case

I{T (')} = {d'y}) = 1.

(2.37)

This equality holds only for one y(® € Q,. Bearing in mind that {R;(y)}s does
not depend on y(®), we obtain (2.36) from (2.37) and (2.3). Now let

I{Ri(@) bk > {Ri(p)}e) = 1.

We have that
I(Ri(z) > Ri(y)) = 1,

and by (2.19) and (2.28), the left side of (2.37) is equal to
(2.38) IAT* Y q'e) b < {g'y}e) — (T (g'z) < {d'y})-

This difference can be not equal to zero only for one y® = y(()g) € 3. Now from
(2.37), we get

gik(Lz,y) - i(L,x,y) = {a'y} - {g'v}x € [0,1/¢") for y® # 4.
Thus, we obtain (2.36) and the assertion of the lemma. |
LEMMA 2.8: Leta >0, > k; > k > 1 be integers, z,y € [0,1). Then
qF-1

1
(2.39) p 3 I(gUAL + agk, 2,y) # gL + a2, y)) <
L=0

1
q*
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and

q—l

1
(2.40) szgflk)LMq ,2,Y) # giky (L +ag",2,y)) <

&
Proof: We consider (2.39). Let

I(Ri(z) < Ri(y)) = L.
Then by (2.19) and (2.30), we have that

k . .
oL+ agh,2,y) — 9:(L + ag¥, z,y) =I{TY" ()} < {g'y}e)

(2.41) e |
- I(T*** (¢'z) < {q'y})-

It is easy to see that if, for s > 0,

I{T (¢ ) e < {d'y}e) = 1,

then
I(T*(¢'z) < {d'y}) = 1,
and if
I{T*(¢'x)} > {d' ®)}) = 1,
then

I(T*(¢'z) > {g'z}) = 1.
Hence the right hand side of (2.41) can be not equal to zero only for the case
k . .
(2.42) I{T 7 (@o) e = {d'yhe) = 1.

By Lemma 2.1 and (1.6) this equality holds only for one integer L € [0, ¢*), and
(2.39) follows.

By (2.19) and (2.30), we obtain (2.39) analogously for the case

I(Ri(z) > Ri(y)) =1
The proof of (2.40) is similar to that of (2.39). 1

Let

n
(2.43) N=> cf
=0
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be the ¢g-expansion of N, ¢, #0,¢; € {0,...,9—1},i=0,...,n, and
(2.44) N =¢[N/¢*Y], i=0,...,n.

In what follows, we fix N € [¢", ¢"*!) and the sequence of integers d; € [0, ¢;),
i=0,1,...,n. We define for u € {1,2,3}

E(“)h E(’u)h(M T,y,u) =

(2.45) qJ 1
Z/ h(M + (N; +d)q z, Y, u)ydw,,

_7 (N +d; )q]h’(M z,y,u)

where
(2.46) G, =10,1),G2 =G5 =[0,1)% duw; = dy,dws = dydu,
and dw3 = dydxz;
Covi (h1, ha) = Covi¥ (hi (M, 2y, u), ha(M, 7,y u))
—Covj (Ny+d; )0 (hi(M,z,y,u), ho(M, 2, y,u))

(247) E_g(lZV +d;)q? (hl(Maxv Y u) - E] (3\[ +d;)g? hl(M Yy, u ))
X (hZ(Ma x,Y, ’LL) - E_j(‘,p(z\l'j+dj)qj h2(M, x,y, u)))
and
(&) (1)
(2.48) D h = DYy va,y0 MM, T,y u)
- Covg“()N ) (MM, 2,y u), R(M, 2,9, u)).
LEMMA 2.9: Let i > ki >k>1,5>1+k1, p€{1,2,3}. Then
(2.49) EW|e) — | < 15/¢"
and
(2.50) EM|et) — e | < 15/¢5 .

Proof: 'We will prove the inequality (2.49). The proof of (2.50) is similar to that
of (2.49). Using (2.17), (2.26), (2.27) (2.29) and (2.30), we obtain

Q

-1
(2.51) (19,6 (b + M, 2, y) — gi(b+ M, z,y)|
b=0

+1gik(b+ M], 2, u) — gi(b+ M, z,u)|
+ 100 (b + M, z,u) — gi(b+ M}, z,u)))



Vol. 134, 2003 CENTRAL LIMIT THEOREMS 75
where
(2.52) M = qIM/q¢" ]+ (N + dj)g .

In view of (2.19), (2.28) and (2.30), we have that

(2'53) |gi,k(L?x1 y) _gi(L’x7 y)' <2
and
(2.54) 950 (L, 2, w) = gi(L,z,w)| € {0, 1}.

From Lemma 2.7 and (2.53), we conclude that

1
/ g1 (L2, 9)—gs( Lo 2, 1)ldy
1]

(2.55) L L/01 1(gip(L,2,9) — i(L2,9) ¢ [0, gg))dy

<5/q".

Applying Lemma 2.8 and (2.54), we see that

2.56 1 'S

(256) < LZ I(g{NL + agk, =, u) # gi(L + aq®, z, u))
=0

1

¢

Since j > i + k, from (2.45) and (2.52)—(2.56) we get that

EX g0 (Mo 2,y) — gi(M,z,y)| < 5/¢° for p € [1,3].

< for a > 0.

Now, by (2.51) we obtain the assertion of the lemma. 1

LEMMA 2.10: Let v > 0,4 > 1, p € [1,3], k > vy = min([r/2], [2log, n + 1]),
j>i+v+wv. Then

(2.57) | Covi) (&, €i1)] < 604>~
and

(2.58) | Covi) (€, ) )] < 60g1.
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Proof: We will prove (2.57). The proof of (2.58) is similar to that of (2.57). If
0 < v < 3, then (2.57) follows from (2.19) and (2.26). Now let v > 4,

(2.59) W) =& -l and W =~
We have that
oV (€ Eiw) = Cov (€0 + i €1, + )
(2.60) =Cov{ (6%, fil w) +Covi (Wi, €iv)
+Cov(“)(§l . (u)).

Let » € {2,3}. From (2.27), (2.29) and Lemma 2.6, we obtain that
§Z(V1(M z,y,u) depend only on ((xr,y,»,u,.))ii’;‘_ylﬂ and (a,..., 0540, -1);
{z.(_’:)u,ul (M, z,y,u) depend only on

(@r g, ur i, 41 a0 (s oy Biguguy—1)-

We see that i+v; < i+v—v;+1. Hence the random variables £;' (u ) and {
are independent. Bearing in mind that j > i + vy, we get from (2. 47) that

i+,
(2.61) Covi (e, €),.,) = 0.

Now we will prove that (2.61) is also valid for the case p = 1. From (2.27),
(2.30) and Lemma 2.6, it follows that for fixed z,u € [0,1), the random variable

6(1) depends only on (Yiy, +1; - - - » Yite,) a0d (@4, ..., i3y, —1); the random vari-
1
able §§+)V’,,l depends only on {y;4,— ,,1+1, s Yigvtrn) a0 (Gigpy vy Qigogu—1)-

Hence the random variables 5511 v, and ‘51 4., are independent. Taking into ac-
count that j > i+ vy, we obtain (2.61). In view of (2.9), (2.26) and (2.27)-(2.30),
we have that |§l(_’3/1 < 2g, |§1 V1| < 2q.
Then, by Lemma 2.9, (2.47) and (2.59),
| Covi (@, €)= |BY) (i — B (Enn)ot| < 20 o)
=2gEM|¢; - €4 | < 30/¢ 7

1,07
and
| Covi (6) | < 20EF W] = 20E{ [6ir, — €4),,,] < 30/g 72
Now from (2.60) and (2.61), we obtain the assertion of the lemma. 1
Let

(2.62) ko = [2log,n + 1].
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LEMMA 2.11: Let p € [1,3],mq >0, ma > 1,k > ko, and n > j > m1+ma+ko.
Then

mi+ma
(2.63) D}’“( > fi) < 2'%%my
t=mi+1
and
mi+m
2.64 D(l") S ’ ()] < 210 2
(2.64) 3 Z &k 1 <27¢"ma.
i=my+1

Proof: Consider (2.63). Using Lemma 2.10, we obtain that the left hand side of
(2.63) is less than

my1+me mi+ma—i mi+mae mi+me—i 1
2 Z Z |COV‘§M)(€i7£i+V)I <2 Z Z 60g” max (q_[y/2]7 ﬁ)
i=m;+1 v=0 i=mi+1 v=0
1
< 120q2m2<-1——j/~2 + n) 210(] ma.
Similarly, (2.64) follows from (2.58), and the lemma is proved. 1
Let

(2.65) di=[n**]+1, di=[n/di), jo=n—[2log,n]—1=n—ko;

(2.66) ¢ = 3" W) (M2 y,u), 0<i<dy,
VEA;
where
(2.67) A; = (idy + ko, (14 Ddy — 2kg), 0<i<dy—1
and
(2 68) A, = (d1d2 + kOajO - 2kO]v if jO 2 d1d2 + 3k0 + 17
' d2 0, otherwise,

oW =wW — By pef1,3), j=1,2....
LEMMA 2.12: Let 0 < ¢ < dy, j > jo, and p € [1,3]. Then
B (EM)* < 296402 (2ko + 1)

Proof: Let
) u)(g(u) ~p) (u) g(u))

vivav3vy v, ko vy, ko va,koSva ko’
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It is easy to see that

EOCH e Y

v1,v2,v3,v4 €A,
vy Svg<vz<vy

Using Lemma 2.6, we obtain that if vy — vy > 2k (v4 — v3 > 2kg) then f(“ )k is
() 6(# 5(#) (1)
V.’.’n

vo Ko va ko va ko 1S DOb dependent

not dependent on (£ ) (correspondingly, £

on ( l(flt,)ko,fy%ko,{,,s k,))- Hence ay,u,u5u, = 0 if vy — 11 > 2k or vy — v3 > 2ko.
Bearing in mind that Ifl(,ﬂk)ol < 2q (see (2.27)), we get that
EP(y<a N > (29)* < 41(29)*d3(2ko + 1)
V1,V €A, vy.v3 €A
vy — vy ,ug —vg €10,2kg)
This is the desired result. |

LEMMA 2.13: Let j € [jo,n], jo =n — [2log, n] — 1, and p € [1,3]. Then
(2.69) D;“)(f(M,x,y —u,u)) > 2% log,q, for n > ne(q).
Proof: Let M €[0,¢°), and

M + (N; +dj) Za@q, with a; € [0,¢9 — 1),

=0
M; =[M/q¢" g, M| =[M+(N;+dj)¢)/qd g, i=0,1,2,....

By (2.25) and (2.26), we see that

(2.70)
FM + (N + dj)g,z,y — w,u) = D &(M + (Nj + dj)g’ 2, y,u)
1=0
n a;—1
=Z (gi(bi + M], z,y) — gi(bi + M, z,u)).
1=0 b; =0
From (2.19) we obtain for ¢ € {1, j)
(2.71)

gi(bi + M}, 2, y) = — {a'y} + I(Ri(2) < Ri(y))[(TH*+M+N97 (g')) < {g'y})
+ I(Ri(z) > Riy) [T M9 (g') < {g'y}).
It is easy to see for z,¢ € [0,1), and ¢ < j that
272) o o
{ [¢ " {g'z}] + 6} _ { [¢'r— ¢ "[g'z]] + 6} _ { [¢'x] — ¢ "lg’a] + 6}

gt @i g1

- ({75}
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In view of Lemma 2.1, we have that

e iG] + TN (¢ .
TL+N].qJ (qzx) — TL([q {q ZL_Z (q )) — TL(quN’]),
with L =b; + M;,b; + M; + 1,

(2.73)

where, according to (2.72),

[/] + T (¢/) 3

(2.74) TN = { ~

and we find that

[qiacNJ-] =[¢'z], for1<i<j.
Thus, by (2.2),
(2.75) Ri(xzn ;) = Ri(x), forl<i<j.
Now, from (2.71}, (2.73), (2.75) and (2.26), we conclude that
9i(bi + M, x,y) = gs(bi + My, w5, y),
and
(2.76) &(bi + M, z,y,u) = &(b; + M;, N j,y,u) for 1 <i<j.
Bearing in mind that |£;(M, z,y, u)| < 2¢, we obtain
|f(M + (Nj +dj)’ 2,y —w,u) = f(M, 2 5,y — u, )|
Y &M+ (Nj+dj)g x,y,u) — E(M, o5, y,u)

te{0}V[j,n]
<2¢(n—j+2).

(2.77) =

By (2.77) and the inequality 2a% + 2b? > (a — b)?, we have that

1
SOV (M, enj,y — uw)

—4¢*(n—j+2)%

(2 78) D;fz)N]-+dj )q? (f(M7 ,Yy—u, U)) Z

If follows from (2.24) that the function f(M, z,y, u) is periodic over y with period
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1. Hence, by (2.45)-(2.48), we obtain

D;ft))(f(M’ xN,jvy - U, u))

= DY (f(M, 2,5, y,u))
q’ 1

||

2
/ ( 1[0y {T (‘TNJ —U} E](,l:))f(M’xN,],ywu)) dw#

2
k

M]é][fon;gxqf Z/ (Z(l o ({T7(@) —u}) =) = )

Using (1.2) and Fubini’s theorem, we obtain

DY (F(M, o g,y — u,u))

,ylélg l)fl’rélﬂf{/ / < 0.y {T (x) —u}) —y) - p) 2dydz

>27%jlog, q.

v

Bearing in mind that j > n — [2log, n] ~ 1 and
4% (n — j +2)* < 4¢°(2logg n +3)* < 271 logy g,
for n > no(q), we obtain the assertion of the lemma from (2.78). [ |

LEMMA 2.14: Let p € [1,3], n > j > jo = n — [2log,n + 1], and

do
(2'79) f(gy‘)(Mv mvyvu) = ZC‘I:(M)(M’ x7ywu)'
i=0
Then
(2.80) 20¢%*n > D (£ (M, z,y,u)) > 0.7- 27 nlog, ¢

for n > ni(q).

Proof:
da
(2.81) CaMyyu) =D &(M,z,y,u)
i=0 veA!
where
(2.82) 6 = [O,ko], A,’L = [idy — 2ko,id1 + k()] for 1 < i< ds,

(2.83) d3 = min(dyd + ko, n),
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and

(284) A:i = [d1d2 - 2k0,d3] (max(dg,jo — 2’60), n];
(2.85) C (M, z,y,u Z z (& (M, z,y,u SV kO(M T, Yy, u)).
i=0 vEA;

It follows from (2.25), (2.66)—(2.68), (2.79) and (2.81)—(2.85) that
(286) f(M,z,y—uu) = £ (M, 2,y,u) + (1 (M, z,y,u) + ¢ (M, 2,9, ).
By (2.81)—(2.84), we see that
(2.87) [¢—1(M, z,y,u)| < 2q(ds + 1)(6ko + 2) < 2°gkods.
Applying Lemma 2.9, we obtain for v < jo — kg

(2.88) DWW ~¢,) < 4qBM ) ~¢,] < 60g°* < 60g2/n?.

v,kg

Now by (2.67) and (2.85), we conclude that

(2.89) D (¥ <n maxD(“)({f —¢&,) < 60¢>.

v,ko
Using (2.78) and (2.86)—(2.89), we get

1

D(f5 (M. ,y,u)) 25

DY (f(M, 2,y — u,u)) — 2DY” (€_y)

1
—2D{(¢%) > 5D(f) - 2 ¢’ kgd3 - 1204°.
Then, by Lemma 2.13,

D](-”)(fé”)(M,x,y, u)) >27 " (n — [2log, n + 1]) log, ¢ — 120¢*
— 22?32 log, n + 1)2.
Hence there exists nq = nq(g) such that
D§”)(f(§“)(M, z,y,u)) > 0.7-27 " nlog,q for n > n;.

The right hand side of (2.79) is proved.

By Lemma 2.6 and (2.66)—(2.68), we have that ({*) (0 < i < d,) are indepen-
dent random variables.

In view of (2.79), we see that

d2 d2
DI (56 (M, 2y, u) = 3 DP(¢) = 3 D§“’( > 55‘,‘,30)-

=0 =0 VEA,;
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From (2.67) and (2.68), we find that max; ,ea, v < jo — 2kq.
Therefore, we can apply (2.64):

D () (M, z,y,u)) < 2°%*n.

This is the desired result. |

We need the following generalization of the Berry-Essén theorem (see
[H, p. 62]):

Suppose that for each variable k, zyo, Zk1, - - -, Tkk—1 are independent with zero
means, § € (0,1],

k-1
2.90 E@2)=1 k>1,
( kz
=0
(2.91) 0<1¥1<a§c 1E(alc,,“) =0 ask— oo.

Then there exists a positive universal constant C such that

(2.92) ’P<§xki < t) @(t), o ZEka |2+6),

LEMMA 2.15: Let p € [1,3], and n > j > jo. Then

Z/ (I-l) M+(Nj+dj)qj,x,y,u) <t)dy—cp(t)\
@ D(“()N +d;)qi 5 (M, 2,9, )/

< C2BgPn~1/6 log3/2 n, n>niq).

(2.93)

Proof: We use Berry-Essén’s inequality (2.92) withé = 1, k = da+1, and ¢, =
fﬁ”)/do,”, with (dg )% = D§“)(f0(M, z,y,u)), 0 < v < dsp. It follows from (2.66)—
(2.68) and Lemma 2.6 that the variables ({*), ¢, .., (“ ) are independent with
7Z€ro means.

In view of (2.79), we conclude that (2.90) holds. Using (2.65), (2.66), Lemma
2.11 and Lemma 2.14, we get that

E (W /do,u)? = DI (¢YV /do )
< 210g%d; (D (£ (M, z,y,u))) ™" = O(n~1/3),

and (2.91) holds.
Bearing in mind Ljapanov’s inequality

E(”)|w|3 E(u) 4)3/4
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we obtain from Lemma 2.12 and Lemma 2.14
B¢ fdo P < (206"} (2ko +1)% - (27 Pnlog, g)7)¥/*
< (236q n -2/3 logq n)3/4 — 227q3n—-1/2 10g3/2n

Now, by (2.65) and (2.92), the assertion of the lemma follows. |

3. Proofs of theorems

The three theorems will be proved together in the same way. We will use the
index g = 1,2,3 in each case corresponding to Theorem 1.1, Theorem 1.2 and
Theorem 1.3. Let

(3.1) N=> g, cn#0, c;€{0,...,q—1},
=0
L -
62  EWhMay) = EYh= 5 > [ Moy,
G

(3.3) D(")(h(M z,y,u)) = DW(h) = EW(h — EWh)?,

f(M,z,y,u) — EW f(M,z,y,u)

(ll') ]

(G4 4 Z / DO rge e <)
with u =1,2,3.

By (2.24)-(2.26) and (2.46), we see that
EWf(M,z,y,u)=0, forp=23.

Using Fubini’s theorem, (2.24) and (1.5), we obtain

2V]

E® f(M,2,y,u) / / 3 L) (T(2)) - y)dzduw,

Gy k=0
By (3.3), (1.8), (1.11) and (1.13), we find that

EW f(M,z,y,u) = e(z,u, N),
and
(3.5) DW(f(M,z,y,u)) =0, log, N, for p=1,2,3.

Now, using Fubini’s theorem, we obtain from (3.4) that the left sides of (1.7),
(1.10) and (1.12) are equal, respectively, to

|AW (1) — ®(t)| for p=1,2,3.
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Let
(3.6)
AW /
Nv]vdJ q] Z G
f(M + (NJ + d])qj,.z‘, Z/7U) - E(“)f(Ma Y, U.)
< (DW(f (M, z,y,u))7? <0)du,
where

Nj=q[N/¢@*, j=0,1,...,n
It is easy to verify that

n CJ—I

AW (H) = qu‘ AR, )

§=0d;=

We see that for jo = n — [2log, n + 1)),

n C]—l ~
A -00- 3 3 Ll 0-00)
J=jo+1d;=0
jo ¢;j—1 J ;
<ZZ_|A Jd(t (I)(t)lf N Sm.
3=0d; =0
Hence
cj—1 i
|AW(t) — 2y Z Z AL 4 () — (1)
Jj=jo+1d;=
2q3

— +¢ max max £ — ().
n? qJE(}o,n]dJ €0, CJ)' N]d ( ) ( )|

Thus to prove Theorem 1.1-Theorem 1.3, it is sufficient to verify that

(3.7) DW(f(M,z,y,u)) € 27" log, ¢, 2"%¢*]
and
(3.8) AY), () - ®(t) = O(n~17)

for all t € R, j € (jo,n], and d; € [0,¢;) where O constant depends only on g.
We will conclude (3.7) and (3.8) from Lemma 2.14 and Lemma 2.15. To this
end we need the following estimate of expectations:
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LEMMA 3.1: Let p € [1,3], and n > j > jo = n — ko, ko = [2log, n] 4+ 1. Then

(39)  EWF(M, 2,y —uu) = EY\ 4 18" (M,2,y,0) + O(n'/logyn)

and

(3‘10) D(“)f(wa»y - U»U) D( J,(Nj+d; )quO (M’ :l:,y,u) + O(n5/6 logq n)

Proof:  From Lemma 2.6, (2.79), (2.85) and (2.66)-(2.68), we find that
M + (N, +b,)¢",z,y.u) and ¢CW(M + (N, + b,)¢", 2,y,u) depend only
on the first n — ko = jo digits of the g-expression of M + (N, + b,)q¢”. Hence for
v, J > Jo

(3.11) B, vo00 f0" (Mo, 0) = BYL o 089 (M 2y, ),
(312) DYy iy ()Mo y,w)) = DX L (F8 (M, 2,y 0)),
(3.13) B¢ ooyl = BY L lCL,

and

(3.14) DNy stye (€)= DY 1y (€2

From (2.49), (2.67) and (2.85), we conclude that
(3.15) 'y, 10,)0016%9| < 15¢°n /" < 15¢°/m.

In view of (3.1), (3.2), (2.44) and (2.45), we have that

n c,—1

q
(316)  EWf(Mzy-wu) =3 Y BN 0 f (M2 —u,u)
V—Ob,,_O
and
(3.17)
n c,,—l
EJ(H&V +d; q]f (M,IE,y— Z Z N _708\7 +d;) qu(u)(M»x»y— uvu)'
v=0b,=0

It follows from (2.25) and (2.79) that

(3.18) |f(M,z,y,u)| <2¢(n+1) and |fo(M,z,y,u)| < 2n.
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Hence
|E(“)f(M,:c,y—u,u) EJ(”&V +d; qu (er’y_uau)l
Jo e n -1 ¢
<8gn) T D 2 B S May - )
1/=0 v=j0+1 b,,—O
(3.19)
_EJ(',‘ZVJ'-!-d‘)qj éﬂ)(M,x,yfu)l
< 8ng?~to E® M,
ng +quénuaoxn)bgl[g>§)l v (Ny+by)grd (M 2,y — u,u)
- E(u) -foﬁ)(M,x,y,U)l'

J(Nj+d;)q?

By (3.11), (3.15), (2.86), (2.87), (2.62) and (2.65), we see that

IE;(/?()N,,+b,,)quf(M»$,y —u,u) — E](’EN +d )q,f(”)(M, z,y,u)|
=| x(z”()N +b,)qr (F(M 2,y — u,u) = (M, z,y,w)|
Euu()N +b,)g¥ C-1(M, z,y, u) I+E1(f?1v +b,)g¥ |<(_l§)(M, z,y,u)l
< Pgkods + 15q2/n = O(n1/3logq n), forv,j> jo.

(3.20)

Using (3.19), we obtain the assertion (3.9).
Now consider (3.10): Similarly to (3.17) and (3.18), we find from (2.45)—(2.48),
(3.2) and (3.3) that

n c,—1
q”

DW(f(M,z,y,u) =D D TEN 100 (F (Mo, ,0) — EW (M, 2,y,u))*
V—Ob,,—O

and

( L ¢ W ()
) (1) _
Djfl(Nj+bj)qj( H M T,y u ) z;)bzo ]szj—#bj)qj(fOu‘ (M,CL"Z/,U)).

Using (3.18) we conclude analogously to (3.19) that

DB (M, z,y,w) = DY 14005 (6" (M, 2,9, 0))]

<16¢%n? —
v=0 N
n c,,—l

+ Z Z l(lu()N,,+b,,)q”(f(M’ Zx, yau) - E(”)f(M, x7y7u))2

—]0+1 bu-O
(321) - Dj,(Nj+bj)qJ' (f(g‘u)(Mazvy/u))l
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<16¢°

2 (1) () 2
E AF (M, z,y, E M,z,y,
+q ax b,?[g‘fiy)l o (Ny by )q (M 2y, ) f(M,z,y,u))

= D i S (M 2,y w).
It is easy to see that
(f = BW§) =(f ~ BYJ +(EW ~ EY) )2
+2(f — EM((EW - EP)f) + (BW — EP)f)?

and
E(f = EW)? =D (f) + (B® - EY) )%

Applying (3.9) to v = j > jo and b, = d,, we obtain
El(/fb()Nﬁby)q" (f - EWf)? = Dr(/fz()N.,+bu)q“ (£)+0m*? logg n).

Using relations (3.21) and (3.12), we conclude that to prove (3.10) it is sufficient
to verify that

(3.22) b x(ffl()NV+by)q" (f)=D 1(/7()Nu+bu)<I"( 0")) +0(n*/ log, )

for v € (jo, n}.
By (2.86) we find that

DW(f) =B ((f# — B fo) + (¢o1 +¢¥) — EW(¢1 + ¢¥)))?
(3.23) =D (f¢) + DI ¢y + ¢1)
+2EW (¢ — EW £ ¢y + ¢ - EW(C1 + ¢W)).

In view of (2.65), (2.87), (2.89) and (3.14), we have that
DY(¢%) <16¢° and DY ((-1) < 2°¢*n*logy/* .
Hence

(3.24) DY (¢-1+ (W) = 0(m*? log2/* n).

Bearing in mind that | fé“ )(M , 2, Y, u)| < 2¢n, from (3.20) we obtain

EW(f — EW 181 1¢") — EW ) < 2qnEW¢W) — EW W)

(3.25)
< 3043.
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Now, from Lemma 3.1, (3.12), (2.87) and (2.63) we see that
(3.26)
EW (115 = BEW fP] 160 = ESIC ) < 2°ghodo EW| £ — EW £
< 2°qn'/*log, n(DY (f5))"/* < 2'%¢°n*/®log, .
Substituting (3.24)—(3.26) into (3.23), we obtain the assertion (3.22). The lemma
is proved. |

Completion of the Proof of Theorem 1.1-Theorem 1.3: Let j > jo. We see that
(3.27)
f _ E(“)f ~ f(gll) _ EJ(_H)f(gIL) B f _ ép) E](}’«)féu) _ E(u)f

VBO ) \Jobge VDRm VDR

(1) _ ) p(w) ! - -
+(fo" — E}* fo )<\/D(u)(f) \/Dﬁu)(fé#)))

I=A1 + A2 + A3.
It follows from Lemma 2.14 and Lemma 3.1 that
{3.28) Ay = O(n~1/® log, n)

and
(3.29)
R D(f3") = DW(f)
VDWW /DR VDB DY () DB+ D (15

=0(n~2%3 log, n).

Let
Q(lu) - {(w“,M) e G# % [(N] + dj)qj, (Nj +d; + 1)Qj)l

(M, z,9,0) - B £ (M, .y, 0)| > /D £}

By Tchebishev's inequality and Lemma 2.14,

o
VD)

In view of Lemma 2.14, (3.29) and (3.30), we have that

_ —2/3 ()¢ elohyy —1/6
(3.32) A3 =0(n / log, n Dju (fo)) =O(n / log, n)
for (w,, M) ¢ Qg“),

(3.30)

(3.31) i] mes Q) < n~1?),
q
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Now consider A;: Let

(3:33) 0 = {(ws, M) € Gux[(Nj+dy)d’, (Ny+ds+1)e))IcY ¢ o, qk:’_l)}.

From (2.86), (2.87) and (2.62), we find that
[F = 181 = 1621+ 6§ < 2qkody +1 for (w,, M) ¢ QF).
By Lemma 2.14 and (2.65)
(3.34) Ay =0(n""¢log,n) for (w,, M) ¢ Q.
Using (2.85), we have that
da
qu) c U U Qgﬂw
1=0veA;
where

Q) = { (wy. M) € Gy X [(Nj +dy)g? (N; +d; + 1))

(1) 1 1
& = Euko & (_qk_—qu——l)}

Applying Lemma 2.7, Lemma 2.8 and (2.27)—(2.30), we show that
1
— mesQY")
¢’ ’

1
<2 max m (1 —
qzzl[tpl)l: aBX €s {y €[0,1) |gu ko(Ly2,y) — gu(L,2,9)} ¢ [0, qko)}

k 1
q o=

1
+q sup max — g, L+ag™ z,y AL+ ag®, z,
poup M R > Iggh( ) = 9u(L+ag™,z,y))

L=0
<5/q%7Y,
where
By =[(N—j+dj)¢, (Nj+d;j +1)¢)
and
By = [(Nj +dj)g? %, (N; + dj + 1)¢" o).
Hence

1
(3.35) Jmesﬁéﬂ) < 5n/q*~1 < 5g/n.
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We denote the left side of (3.27) by A. Let

A = inf A and Ap;= sup A.
(w, . M)EQM UOY (wa Mg ual

From (3.28), (3.32) and (3.34), we conclude that
(3.36) Ay Ay =06 log, n).

We find that for (w,, M) € Q¥ U,

I(fé#) (M, 9, u) _ E}“)fé“)

4/ 7(1) <t_A2)
Dj#(fou)

IN

I

—wu) — B
(f(M,x,y DU(:; B <t)
(

fém(M, z, Y, u) — EJ(-“) éu)
D (5)

I

IA

<t—A1).

According to (2.24), the function f(M,z,y,u) is periodic with period 1 over
y. Hence, by (3.6), we see that

J— .

—1—'921/ I( é”)(M—i-(Nj+dj)q7,x,y,u)—E](-”) éu)
J

¢ e D (£5)

1 1
7 mes(Q* U QY < Ag\’f‘)j’dj (¢) < pri mes(Q U QM)

<t-— Ag)d’w#

J_ .
+l.q211/ I( o (M + (N; + dy)g/ 2y, w) - B £ <t_A1)dwu_
X
T M=o Jou D;H)(féu))

Applying Lemma 2.15, we obtain

- 1
AR, 4,(6) = 0(t) = O(n~ VO log?/?n + 7 mes(@” Uag)
+ max([®(t) — 8(t ~ Ay)l, |9(8) - (¢ - A)))),

where O constant depends only on ¢. Since

t+v 2
/ e % 1%ds
¢

B(t) — (t + )] = —=— <ol,

V2r
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from (3.31), (3.35) and (3.36), we conclude that
AL) . (1) = @(t) = O(n™ % (10g, n)*/?),

where O constant depends only on ¢q. The assertion (3.8) is proved.
Now from (3.5), Lemma 2.14 and (3.10), we obtain (3.7) and the assertion of
Theorem 1.1-Theorem 1.3. 1

4. Appendix

Here we consider a slight modification of the proof (see [KN, pp. 100-104]) of
Roth’s theorem.

Let B1,...,8n be given points in the s-dimensional unit cube [0,1)%,
Bi = (Birs---, Bis), i = 1,...,N; and let A(z) denote the number of points 3;,
1 <i < N, in the box [0,21) X - -+ x [0,xs), with z = (z1,...,2).

We use notation of [KN, pp. 100-104]. From [KN, Lemma 2.1, p. 100 and
p. 104], we see that

(4.1) / Flz)de =0 and A(@)F(z)dz = 0.
[0,1)¢ f0.1)¢

By the Cauchy-Schwartz inequality, [KN, p. 104] and (4.1), we obtain

/ (A(z) — Nx1...x — p)dx
fo,1)

> </[0,1)3(A(:r) ~Nzy...x5— ;))F(:U)dat:)z(/[o‘l)s FQ(x)dx> o

_ (/[OYUS(A(:C) - le...xz)F(:r.)dx>2 y (/mm F2(:z:)dr)_1

> 278 (s — 1)1 "% (log, N)*~ L.

Hence

(4.2) inf / (A(z) =~ Nx1...25 — p)2dz > 278 (s — 1)1 %(log, N)*~ L.
PER J1o.)e

We apply this inequality to s = 2, zy = y, 2 = z, B;1 = Bi—1, and Bz = (i—1)/N,
1 <i < N. Itis easy to see that (i —1)/N < z & i—1 < [zN]. Hence
Ay, z) = Z}iﬁ” Ljo,y)(Bi). Using (4.2) we find that

=]

1 1 2
. N . o —8
;gng /0 /O ( D (Lo (B) —v) p) dydz > 2 %logy N. &

=0
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