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ABSTRACT 

In this  paper  we find a second class of  sequences  of r a n d o m  n u m b e r s  

(xn)n~=l ( the orbit  of the  ergodic adding  machine)  such  t ha t  the  corre- 

sponding  sequences  of zeros and  o n e s  l[0,y)(Xn ) (n  = 1, 2 , . . . ,  N)  sat-  

isfy Cent ra l  Limit  T h e o r e m s  wi th  ex t remely  small  s t anda rd  deviat ion 

aN ---- O(lov/i-o~), ins tead  of O(v/ 'N),  as N --+ oo. 

Dedicated to Professor Benjamin Weiss on the occasion of  his 60 th birthday. 

1. I n t r o d u c t i o n  

Let (/3n)n~__0 be a sequence of real numbers from the unit interval [0, 1), l[0,y)(X) 
be the indicator function of the interval [0, y): 

1, i fx  E [0, y) 
(1.1) l[0,~)(x)= 0, otherwise; 

{v} is the fractional part of v; [v] is the integer part of v, i.e., v = [v] + {v}; 

-v -  = v - 1 for the integer v, and LVJ ---- [V], otherwise. 

According to Roth's theorem (see Appendix) 

1 1 f ~zNJ 2 

(1.2) peRinf Jo f J£ ~n~:o dydz>2-Sl°g2N" 
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Let z, y E [0, 1) be uniformly distributed random variables. We see that the 
K-'~LZNJ[I standard deviation of the random variable 2_.,n=o ('[O,y)(/3n) - Y )  is bigger than 

V/2 -8 log 2 N for the entire random or deterministic sequence (/3~)~>_0. 

In [B1], [B2], [B3], Beck found some results on the stochastic behavior of the 

rotation on the circle. In particular he proved 

(1.3) volume ( u , y , z )  e [0,1) a 2--n=O t [~,u+y)t a n )  - -Y )  < t  

uniformly for all t as N -+ oc, where c~ is a quadratic irrational number, 

(1.4) (I)(t)-- 1 f J - ~  e-U2 /2 du 

and 

(1.5) l[u,u+y)(V) = l[0,y)({v - u}). 

According to Roth's theorem, this is a first class of sequences (/3n)n~_-0 

(flu = an,  n = 0, 1 , . . . )  such that the triangular array with random variable 

l[u,u+y)(~n) - y satisfy the Central Limit Theorem (CLT) with extremely small 

(by order of magnitude) standard deviation. 

In this paper we find a second class of such sequences, namely, 

/ 3 n = T ~ ( x ) ,  n = 0,1,2 . . . .  , 

where q _> 2 is an integer, and Tq(x)  is the von Neumann-Kakutani 's  ergodic 

adding machine: let x -- .XlX2.  • • xk  and x '  = .XlX I . . .  Xk, be the q-expansion of 

numbers x and x' E [0, 1), Tq(x)  = x '  is defined by 

0, i l k  = 1 , 2 , . . . , i -  1, 
(1.6) x~ = xi + l ,  i f k = i ,  

x i , otherwise, 

w h e r e x k = q - l f o r k = l , 2 , . . . , i - l a n d x i C q - 1 ;  

T q ( x ) = T q ( T q - I ( x ) ) ,  n = 2 , 3 , . . . ,  T ° ( x ) = x .  

The detailed description of the ergodic adding machine is given in [Fr, pp. 75 

83] and in [Pe, pp. 208-212]. As is known, the sequence ( T ~ ( x ) ) n > l  coincides for 

x -- 0 with the van der Corput sequence (see for example [LP], [P]). 

We will prove the following three theorems: 
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THEOREM 1.1: There exist constants cl, c2 > 0 such that 

c z N J  n ~-~n=O (l[~,~+y)(T~ (x) - y) - e(x, u, N)) 
volume (y, z) • [0, 1) 2 V/al(x, u, N)lOgq N 

(1.7) < cl(logq N) -1/7, 

< t}  - ,~(t) 

where 

(1.8) 
1 1 LzNJ 

e (x ,u ,N)=  fo fo E (1N,~'+u)(Tq(x))-y)dydz 
n.~O 

and 
(1.9) 

1 1 [ L z N J  ~ 2 

] 
E [2 -12 log 2 q, 212q 4] 

dydz / logq N 

for a11 (u, x) C [0, 1) 2, t E R and N > c2. 

THEOREM 1.2: There exist constants c3, c 4 > 0 s u c h  that 

v.,LzNj[ 1 r~nrx~ 
volume (x,y,z) C [0,1) 3 2-~n=O ~ [u,~+y)(~q ~ JJ--Y) 

(1.10) 

~cr2(u, N) 1Ogq N 

_< c3(lOgq N) -1/7, 

< t - ¢(t) 

where 

(1.11) 

[LzNJ __ y)) 

a2(u'N) = f[O,,)3 ~ ~=O (I[~'u+Y)(Tq (x)) 

E [2 -12 log 2 q, 212q 4] 

2 

dxdydz / logq N 

for all u E [0, 1), t E R, and N _> c4. 

THEOREM 1.3: There exist constants c5,c6 > 0 such that 

v'~uzN~ ~1 ITn Ix~ 
volume (u,y,z) E [0,1) 3 2_.,,~=0 ( N,u+u)___ ~___q~J_J-Y) 

I ~a3(x ,N)  logqN 

(1.12) < c5(logq N) -1/7, 

< t } - ,~(t) 
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where 

(1.13) ° 3 ( x , N )  :~[o,1)3 ~ k n ~ = o ( l [ u , u T y ) ( T ; ( x ) -  

E [2 -12 log 2 q, 212q a] 

2 

dudydz  / logq N 

for all x E [0, 1), t E R, and N > c6. 

The true error term in Theorem 1.1-Theorem 1.3 is O((logq N)-W6-~); for 

simplicity we write O((logq N)-1/7) .  

Remark 1.1: It is easy to prove that  a l ( x , u , N ) ,  a 2 ( u , g )  and a 3 ( x , N )  do not 

depend on u , x ,  and N for x = m l / q  r, u = m 2 / q  ~ with integers m l , m u  and r; 

and for almost all (u, x) E [0, 1) 2. 

R e m a r k  1.2: Let q, _> 2 (n = 1 ,2 , . . . )  be a sequence of integers. Consider 

Cantor's expansion of x E [0, 1): 

x n  
X ~ . X l X 2 . . .  ~ - - -  , 

n=l ql qn 
with x n E ( 0 , 1 , . . . , q n  - 1},n = 1 , 2 . . .  

and the odometer transform T ( x )  = x ~ = . x l x  2 '  ~ . .. where 

0, 
Xlk ~ X i -~ 1, 

k Xi, 

i fk  = 1 , 2 , . . . , i -  1 
i f k = i  
otherwise 

with xk = qk - -  1 for k = 1, 2 , . . . ,  i - 1 and xi ~ qi - 1. 

Repeating the proof of Theorem 1.1-Theorem 1.3, we obtain that they are true 

for the case of Y~i=ln qi = O(n) ,  as n --+ oo. The case of the arbitrary sequence 

(qn)n>l will be considered in a forthcoming paper. We note that (T~(0))n>l 

coincides with the generalized van der Corput sequence [PA]. 

R e m a r k  1.3: In forthcoming papers we will prove that  the considered triangular 

array of random variables ( lb ,~+y)(T~(x) )  ~LzNJ - -  YJn=O satisfies the law of the iter- 

ated logarithm, almost sure CLT, the invariance principle, and the large deviation 

theorem. 

We will also prove that  CLT is valid for the generalized von Nemnann- 

Kakutani 's transform in the sense of [LP], [P], and for the following 1- and 2- 

parameter random sequences: 

f l ( X , N ) = # { k e [ 1 , N ] : T k q ( x ) <  c /k} ,  x e [ O ,  1 ) , N =  l , 2 , . . .  
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and 

LzNJ 
f 2 ( x , z ,N )  = ~_, rkq(X) -LzNJ /2 ,  x, z e [0,1) 2 , 

k=l  

(compare with theorems from [B1], [B2], [B3]). 

Theorem 1.3 was announced in [L]. 

N = l , 2  . . . .  

2. A u x i l i a r y  l e m m a s  

We will use the following notation:  

T(x) = Tq({x}), 

where {x} is the fractional par t  of x; 

1, if x < y, 
(2.1) I (x  < y) = 0, otherwise. 

Similarly, we define functions I (x  < y), I (x  > y), and I (x  >_ y). 
Let [x]+.XlX2...  be the q-expansion of x, w, xi E {0, 1 , . . .  , q - l } ,  i = 1 ,2 , . . . .  

We denote 

k 

(2.2) Rk(x) = .XkXk-1.. .Xl = E x iq i -k- l '  
i=1 

(2.3) {X}k = .Xl . . .Xk : [qk{xI]/qk for k • 1 , 2 , . . . .  

LEMMA 2.1: Let k,a, b >_ 0 be integers, and x E [0, 1). Then 

[qkx] Ta(qkx) 
(2.4) Taqk+b(x) = Tb( 

+ 
qk )" 

Proof'. For a = 0 the equali ty (2.4) is clear. Let (2.4) be t rue for a _> 0 and for 

all integers k, b _> 0. Then  

T(a+l)q~+b(x) = Tb(T aqk+qk (x)) = Tb(v) 

with 
v = T qk ( [qkx] + Ta(qkx) 

]" 

Now from (1.6), we obtain 

v = ([qkx] + T~+l(qkx))/q k. 

Lemma 2.1 is now proved by induction. | 
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LEMMA 2.2: Let x , y  6 [0, 1), i _> 1 be an integer. Then 

q~--i 

(2.5) E (I[°,Y) (Tk(x ) )  - Y) = - {qiy} + I ( n i ( x )  ~_ n i ( y ) ) I ( { q i x }  < {qiy}) 
k=O 

+ I ( R i ( z )  > R i ( y ) ) I ( T ( q i x )  < {qiy}). 

Proo~ The sequence {Tk (x ) } i  (k = O, 1 , . . .  ,qi _ 1) passes the set 

{0, 1/q i, 2/q i . . . .  , (qi - 1)/qi}. 

Hence there exists an integer ko 6 {0, 1 , . . . ,  q i  _ 1} such that  

(2.6) 

It is easy to see that  

(2.7) 

By (2.6) we have 

( T  = 

q~-i  

E I[°,{YL) (Tk(x ) )  = qi{Y}i = qiy _ {qiy}. 
k=O 

qi--I 

E 1 :{yL,y)( Tk (x)) ---- 1 [{yh,y)( Tk° (Y)) 
k=O 

(2.8) = l[o,{q,y)/q,)({T k° (x) - {y}i}) 

= l[o,{q,y}/q~)({qiT k° ( x ) } /q  i) 

= Z({q TkO(x)} < 

We denote the left side of (2.5) by a. From (2.7) and (2.8), we conclude that  

(2.9) a = - { q i y }  + I ( {q iTk° (x ) }  < {qiy}). 

Let now 

(2.10) kl = qiRi(y)  and k2 = qiRi(x) .  

It follows from (1.6), (2.2) and (2.3) that  

(2.11) {Y}i = Tkl (o) ,  {x}~ = Tk~(o) 

and 

(2.12) x = T k2 ({qix} /q i ) .  
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Then, in view of (1.6), 

(2.13) {qiTk° (x)} = ~ {qix. }' 
[.T{q'x}, 

By (2.6), (2.11) and (2.12), we obtain 

{T k2+k° ({qix}/qi)}i = T kl (0). 

Next, from (1.6) we conclude that 

k l - k 2 + k o  (modqi)  

and 

CENTRAL LIMIT THEOREMS 

if k2 + ko < q*, 
otherwise. 

k2 + k0 < qi 4:~ k2 < kl, for kl, k2, ko E [0, qi). 

Using (2.10), we obtain from (2.13) 

(2.14) {qiTkO(x) } = { {q~x}, if Ri(x) < R~(y), 
T({qix}), otherwise. 

Now in view of (2.9), the assertion of the lemma follows. | 

LEMMA 2.3: Let i >_ 1, a >_ 0 be integers and v, y C [0, 1). Then 

(a+l)qi--1 

( 1 L 0 , ~ ) ( T k ( v ) )  - y )  = - { q ~ }  + I(R~(x) < R~(y)) 

(2.15) k=,qi 

Proo~ 
Tb(T aq~ (v)), we apply Lemma 2.2 with x = T ~q~ (v): 

a = - {q~y) + I (Ri (T  aq~ (v)) <_ ni(y))I({qiT aq~ (v)} < {q/y}) 

+ I(Ri(Taq~(v)) > Ri(y))I(T{q~Taq~(v)} < {q~y}). 

Now by Lemma 2.1, (1.6), and (2.2), we obtain 

R~(T °¢ (v)) = R~(v), 
{qiTaq' (v))} ---- Ta({qiv}), 

× i(Ta(qix) < {qiy}) + I(Ri(x) > R i(y)) 

× I(Ta+l(qix) < {qiy}). 

We denote the left side of (2.15) by a. Bearing in mind that Taq~+k(v) = 

67 

and the assertion of the lemma follows. | 
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Consider the q-expansion of the integer number M C [qm, qm+l), 

m 

(2.16) M = E a/qi' 
i = 0  

Let 

with a / E  { O , . . . , q -  1}, i = 0 . . . . .  m -  1, 

m 

(2.17) M / = [ M / q i + l ] q =  E akqk-i' i = 0  . . . .  ,rn. 
k = i + l  

It is easy to see that 

(2.1s) 

Define 

m ai--1 

[0, M) = U U [q/(bi + M/),qi(bi + 1 + Mi)). 
i = 0  b i = 0  

gi(L,x ,y)  = - {qiy} + I(Ri(x)  < Ri(y))I(TL(qiz) < {q/y}) 

(2.19) + I ( R i ( x )  > Ri(y))I(Tn+l(q/x) < {q/y}) for i =  1 ,2 , . . .  

and 

(2.20) go(L, x, y) = l[o,y)(TL(x)) = y. 

We note that  g/(L, x, y) is the function periodic with period 1 over arguments x 

and y (i = 0, 1, 2 , . . . ) .  
From Lemma 2.3, we have 

COROLLARY 2.1: Let x, y E [0, 1), and M be an integer. Then in notation (2.16) 

and (2.17) 

M - 1  m a i - 1  

(2.21) E (l[°,Y) (Tk(x)) - y) = E E gi(bi + Mi, x, y). 
k = 0  i = 0  bi-=O 

LEMMA 2.4: Let x, y, n ~ [0, 1). Then 

(2.22) l[u,u+y)(x) - u = l[o,{u+y})(x) - {u + y} - l[0,u)(X) + u. 

Proof'. Define 

x E A  (mod l )  i f 3 g c Z : x + e E A .  

According to (1.1) and (1.5) 

(2.23) 
li~,~+~)(x) = l [ o , ~ ) ( { x -  u}) = 1 ~ ,  { x -  u} e [0,~) 

~ x - u e  [0,y) (mod 1)¢ ,xe  [~,~+U) 

Consider two cases: 

(mod 1). 
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CASE 1: u + y < 1. 

We see tha t  {u + y} = u + y, and  

l[u,u+y)(X ) = 1 ¢* x e [ u , u + y ) .  

Hence 

and (2.22) follows. 

CASE 2: u + y _> 1. 

By (2.23) 

l[~,~+y)(x) = l[o,~+y)(x) = l[o,~)(x) 

l[u,u+y)(x) = l[u,1)(x) + l[o,{u+y})(x) = l[o,{u+y})(x) + 1 - l[o,u)(x). 

Bearing in mind tha t  {u + y} = u + y - 1 for this case, we now obta in  (2.22). 

The  l e m m a  is proved. | 

Let 

(2.24) 

LEMMA 2.5: 

and (2.17) 

( 2 . 2 5 )  

where 

(2.26) 

Proof: 

M - 1  

f ( M , x , y , u )  -- E (l[°,{u}) ( {Tk (x )  - u}) - {y}). 
k-----O 

Let x, y, u c [0, 1), M >_ 1 be an integer. Then in notations (2.16) 

f ( M , x , y  - u, u) = ~-~ ( i ( M , x , y ,  u), 
i----0 

a i -  1 

~i(M, x, y, ~) = ~ ,  (9i(bi + M~, x, y) - g~(b~ + M~, x, 4)). 
bi = 0  

In view of L e m m a  2.4, and (1.5) and t ha t  

{~  + {y  - ~ } }  = { ~  + y - ~  - [~ - u ]}  = {y  - [y - u l }  = y,  

we obta in  

M - 1  

f ( M , x , y  - u , u )  = E (I[°,{Y-~}) ( {Tk (x )  - u}) - {y - u}) 
k = 0  

M - 1  

= E (I[~,~+{Y-~}) (Tk(x))  - {Y - u}) 
k = 0  
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M - - 1  

= E (l[°,{u+{Y-u}}) (Tk(x)) - {u + {y - u}} 
k = 0  

- lio, )(Tk(x)) + u)  
M - - 1  M - 1  

= E (I[°,Y) (Tk(x)) - Y) - E (l[°,u) Tk(x) - u). 
k = 0  k----0 

Now from (2.21) and (2.26), we obtain the desired result. | 

Thus f (N ,  x, y - u, u) is the sum of dependent random variables (~i)i~0 with 

n = [logq N]. To prove Theorems 1.1-1.3 we will use Bernstein's method [Be 1, 

approximating f by the sum of independent random variables ;(~) (# = 1, 2, 3): ~'i ,k 

We define 

a i - - 1  

+ (2.27) ~}£)(M,x,y,u)  = E (gi,k(bi + Mi ,x ,y ) - -~ i , k  w* 
bi = 0  

with notations (2.16)-(2.18), where 

gi,k(L,x,v) = -  {qiv}k + I({Ri(X)}k < {Ri(v)}k)I({Tn(qix)}k < {qiV}k) 

(2.28) + I({Ri(x)}k > {Ri(v)}k)I(TL+l{qix}k),  

(2.29) -(~)~L,x,v) gi,k(L,x,v),  for p 2,3, 

and 

(2.30) 
gO)(L, v) {qiv} + I(Ri(x)  < Ri(v))I({TL(qix)}k < {qiV}k) i , k  ~, X ,  -~  - -  

+ I(Ri(x) > Ri(v))I({TL+l(qix)}k < {qiv}k), for i, k _> 1. 

LEMMA 2.6: Let i > k > 1, L be integers; 

k 

E L =  cjq 3, c j C { O , . . . , q - 1 } ,  x, vE[O, 1); x = . x l x 2 . . . ,  
j = O  

and v = .VlV2 . . . .  Then gi,k(L, x, v) depend only on 

( X i _ k + l , . . . , X i + k )  , ( V i _ k + l , . . . , V i + k ) ,  a l l d  (Co, . . . , O k _ l ) ;  

and -(1)(r x ,v)  depend only on x , v , i  and (Co, . . ,ck-1) .  Y i , k  \ ~  

Proo~ By (2.2) and (2.3) we see that  

(2.31) { q i v } k  = . V i + l  , . . V i + k  
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and 

(2.32) { Ri(v)  }k = .v lv i -1 .  . . v i-k+l.  

From (1.6) and Lemma 2.1, we obtain 

(TL(q ix )}k  = { T L ( . x i + I . . .  Xi+k)}k = {T  L1 ( . x i+ l . . .  Xi+k)}k 

k - 1  where L1 = ~-~j=o cjq 3" 

Thus, by (2.28) we have that gi,k(L, x, v) depend only on (Xi-k+l , . . . ,  xi+k), 
(vi-k+l . . . .  ,Vi+k) and (co . . . .  ,ck-1). Similarly, from (2.30) we have that 
g(1)(L ,x ,v )  depend only on x , i , v , i  and (Co, . ,Ck-1). In view of (2.27), the i,k " " 
lemma is proved. | 

LEMMA 2.7: Let  L > O, i > kl > k > 1 be integers, (x, y) E [0, 1). Then 

and 

Proo~ We will prove only the inequality (2.33). The proof of (2.34) is similar 

to that  of (2.33). 

Let y -= .YlY2. . .  be the q-expansion of y, 

y(1) ----.Yl-..Yi-k e ~1 ~--- {.Vl.-  . V i - k l Y  j e ( 0 , . . . , q  -- 1}, j  = 1 . . . .  , i -  k}, 

y(2) =.Y iY i -1 . . . Y i - k -1  E ft2 = { .v l . . .Vk]Vj  E { O , . . . , q - -  1} , j  --- 1 , . . . , k} ,  

y(3) = . Y i + l . . - Y i + k  E ~ 2 ,  

y(4) =.Yi+k+lYi+k+2... E ~3 = { . v l v2 . . .  IVj E { O , . . . , q - -  1},j  -= 1 ,2 . . .} .  

Using Fubini's theorem, we obtain that the left hand side of (2.33) is equal to 

with dw = dy(2)dy(3)dy(a)dy(1). 

Hence, to prove (2.33) it is sufficient to verify that 

2 

for all y(1) E ~1 and y(4) E ~3. 
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It is easy to see that I ({Ri(x)}k  = {Ri(y)}k) = 1 holds only for one yo (2) • ~2 

(see (2.2)). Bearing in mind that 

mes{y (2) • a2 ] y(2) = y~2)} = 1/qk, 

we get that to obtain (2.35), it is sufficient to prove that 

1 

for all y(1) • ~1, y(a) • ~3 and y(2) • ~2 \ y~2). If ((Ri(x))k < {Ri(y)}k) = 1, 

then by (2.2) and (2.3), I(Ri(x)  < Ri(y)) = 1, and by (2.19) and (2.28), 

gi,k(L,x,y) - g i (n ,x ,y)  - {qiy} + {qiy}k =i({TL(qix)}k < {qiy}k ) 
(2.37) _ I(TL(qix) < {qiy}). 

We see that the right side of (2.37) can be not equal to zero only for the case 

I ( (T i (q ix ) }k  = {qiy}k) = 1. 

This equality holds only for one y(3) C ~2- Bearing in mind that (Ri(y)}k does 

not depend on y(a), we obtain (2.36) from (2.37) and (2.3). Now let 

I ({Ri(x)}k  > {Ri(y)}k) = 1. 

We have that 
I(Ri(x)  > Ri(y)) = 1, 

and by (2.19) and (2.28), the left side of (2.37) is equal to 

(2.38) I({TL+l(qix)}k < { q i y } k ) -  I(TL+l(qix) < {q/y}). 

This difference can be not equal to zero only for one y(3) __ y~3) C ~2. Now from 

(2.37), we get 

gi,k(L,x,y) - g i (L,x ,y)  = {qiy} _ {qiy}k • [0, 1/q k) for y(3) # y~3). 

Thus, we obtain (2.36) and the assertion of the lemma. | 

LEMMA 2.8: Let a >_ O, i >>_ kl > k > 1 be integers, x, y • [0, 1). Then 

qk--1 
1 1 

- -  I (g i ,k (L+aq ,x ,y)  ¢ g i ( n + a q k , x , y ) )  < (2.39) qk E (1) k 
L=O 
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qk--1 
1 1 

(2.40) --qk E l(gi,kT~ (1)~L+aqk,x,y)( ¢ gi,ki(L +aqk,x ,y) )  _< -~" 
L=0 

Proof: We consider (2.39). Let 

I(Ri(x) ~ Ri(y)) = 1. 

Then by (2.19) and (2.30), we have that 

g(1)(L + aq k, x, y) - gi(L + aq k, x, y) =I({TL+aqk (qix)}k < {qiy}k) i,k 
(2.41) _ i(TL+aq ~ (qix) < {qiy}). 

It is easy to see that  if, for s _> 0, 

I({TS(qix)}k < {qiy}k) ---- 1, 

then 

and if 

then 

I(Ts(qix) < {qiy}) = 1, 

I({TS(qix)}k > {qi(y)}k) = 1, 

I(TS(qix) > {qix}) = 1. 

Hence the right hand side of (2.41) can be not equal to zero only for the case 

(2.42) I ({T  L+aq~ (qix)}k = {qiy}k) = 1. 

73 

By Lemma 2.1 and (1.6) this equality holds only for one integer L E [0, qa), and 

(2.39) follows. 

By (2.19) and (2.30), we obtain (2.39) analogously for the case 

I(R (x) > = 1. 

The proof of (2.40) is similar to that  of (2.39). | 

Let 

n 

(2.43) N = ~ ciq i 
i----0 
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be the q-expansion of N, c~ ¢ 0, ci C {0 , . . . ,  q - 1}, i = 0 , . . . ,  n, and 

(2.44) NL = q[N/qi+l], i = O, . . . , n .  

In what follows, we fix N E [qn, qn+l) and the sequence of integers di E [0, ci), 

i = 0, 1 , . . . ,  n. We define for # E {1, 2, 3} 

E?)h = E?)h(M, E(") • j , ( N j + d j ) q J  a[1V1, X,  y ,  

(2.45) 
f h(M + + 

1 
- - " 7  

qJ M----O J a r ,  

where 

(2.46) G1 = [0, 1), G2 = G3 = [0, 1)2; 

and dw3 = dydx; 

dwl = dy, dw2 = dydu, 

(2.47) 

and 

Cove#) (hi, h2) = C o v J ~ ) ( h l ( M , x , y , u ) , h 2 ( M , x , y , u ) )  
,~ (~) 

= Wovj,(Nj+d~)¢ (hi (M, x, y, u), h2(M, x, y, u)) 

_~(~) 
--'j,(N~ +d~ )qJ (hi (M, x, y, u) - E~)N~,~ ~ +d~ )q~ hi (M, x, y, u)) 

~(~) h 2 ( M , x , y , u ) ) )  × (h:(M, x, y, u) - ~j,(g~+d~)q~ 

(2.48) ~ (") (h(M, x, y, u), h(M, x, y, u)). 
~--- kJOVj,(Nj-bdj )qJ 

LEMMA 2.9: Let i >_ kl >_ k >_ 1, j >_ i + kl, # C {1,2,3}. Then 

(2.49) 

and 

(2.50) 
Proof." 

p(t*) ~(~) _ ~il < 15/q k-1 
~ j  I",i,k 

E j ( " ) l ¢ ( • )  _ ((") < 15/q k-1. 
I"~i,k i ,k l  --  

We will prove the inequality (2.49). The proof of (2.50) is similar to that 

of (2.49). Using (2.17), (2.26), (2.27), (2.29) and (2.30), we obtain 

l~i,k(t') ( ( i  + (Nj + dj)qJ,x, y, u) - ~ i ( i  + (Nj + dj )qJ ,x ,y ,u) l  

q - 1  

(2.51) < E(Ig i , k (b  + M'  - M '  _ i , x , y )  gi(b+ i ,x ,y ) l  
b----O 

+ Ig~,k(b+ M ' , x , u )  - g~(b+ M ' , x , u ) l  

+ Ig~(b+ M' ~,) g~(b+ M' ~,x, - ~,x,~)l)  
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M[ = q[M/q i+1] + (Nj + dj)q j - i .  

In view of (2.19), (2.28) and (2.30), we have that 

[gi,k(L,x,y) - 9i(L,x,y)[ < 2 (2.53) 

and 

(2.54) g ( 1 ) ( L , x , u ) - 9 i ( L , x , u ) l  • {0, 1}. i,k 

From Lemma 2.7 and (2.53), we conclude that 

(2.55) 

75 

o Igi,k(L, x, y ) -g i (L ,  x, y)[dy 

[0, q ))dy 
<5/q k. 

Applying Lemma 2.8 and (2.54), we see that 

qk--1 
1 g (1) tL x, u) aq k, x, u) q--k E i,k ~, + aq k, - 9i(L + [ 

L----0 

1 qU-I 
(2.56) <- q-£ E I(g~) : ( L + a q k ' x ' u )  y£g i (L+aqk ' x ' u ) )  

L=0 

1 
< ~ -  for a > 0. 

Since j _> i + k, from (2.45) and (2.52)-(2.56) we get that 

E (~) (~)'M x " j , (Nj+dj)qJlgi  ~ ' 'Y) - g ~ (M 'x ' Y ) I  < 5/q k for p • [1,3]. 

Now, by (2.51) we obtain the assertion of the lemma. | 

LEMMA 2.10: Let v > 0, i _> 1, # • [1,3], k _> ul = min([u/2], [21ogqn + 1]), 

j > i + u + ul. Then 

(2.57) 

and 

(2.58) 

I (~) Covj (~i,~i+,,)l <_ 60q 2-vl 

C v(~),-(u) ~(u) "~1 < 60q2-~'1. 0 j (~ i ,k '  i+u,kll  - -  
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Proof'. We will prove (2.57). The proof of (2.58) is similar to that of (2.57). If 

0 < u < 3, then (2.57) follows from (2.19) and (2.26). Now let u > 4, 

(2.59) ~u)  = ~ i _ ~ ! u )  and w~ ~) = ~ + ~  ~(u) --  i+v,Ul " 

We have that 

C . + w~")) ov~ (~, ~+~) + ~"), (") (,) (u)~¢(u) 
= C o v j  ~qi,u~ i+u,ua 

(2.60) - C o y  (u)(~(~) ¢(~) ~ (~) (u) - j ,..~,~,.~+~,~,~ + C o v j  (co~ , ~+~) 

+ Cove">( (" )  i,/~ 1 ~ 

we obtain that  

(a i , . . . , a i+v~- l ) ;  

Let # E {2,3}. From (2.27), (2.29) and Lemma 2.6, 
~(,) i+.a and i , , ~ ( M , x , y , u )  depend only o n  ( ( X r ,  Y r , ? ~ r ) ) r = i _ u a + l  

(u) u) depend only (i+~,~1 (M, x, y, on 

((Xr, Yr,~Ir))~+vi+~ul+l and (ai+u, . . . ,a i+v+v~-l) .  

We see that i + ux < i + u - ul + 1. Hence the random variables ~}~) and ;(u) "~i+v,Vl 

are independent. Bearing in mind that j _> i + Vl, we get from (2.47) that 

(2.61) ,~ (u),-(u) -(,) , t~ovj (~i,u~,~i+v,v~) = O. 

Now we will prove that  (2.61) is also valid for the case # = 1. From (2.27), 

(2.30) and Lemma 2.6, it follows that for fixed x, u E [0, 1), the random variable 

~(x) depends only on (Yiu~+l, Yi+v~) and (hi, . ,ai+u~-l); the random vari- 

able ;(a) depends only on (Yi+v-~,+l,-- . ,Yi+,+~) and (hi+.,.  ai+v+v~-l). ~ i + v , V l  " " ' 

Hence the random variables ~!x) and ;(1) are independent. Taking into ac- 

count that j > i + u l ,  we obtain (2.61). In view of (2.9), (2.26) and (2.27)-(2.30), 

we have that ;(u) < 2q, [(~) < 2q. u i T u  --  ",i,ux --  

Then, by Lemma 2.9, (2.47) and (2.59), 

] (u) (u) (u) L-(u)/c ,, (~) ~ , - (u ) ,  (u) --IE) (5~+~ - I<  zqr~j iWl I C o v j  (co 1 ,~ i+u)]  L~j k g i + u ) ) W l  _ 

- ~,v, I <- 30/q v~-2 

and 

Now from (2.60) and (2.61), we obtain the assertion of the lemma. 

Let 

(2.62) ko = [2 logq n + 1]. 

i o - ( . ) ,  (.). - ( . )  _ ( . )  < 3o/qvl ,-,i,Vl, I <- ~qr~j IW2 I = zqr~j I~i+~, i+v,v~ - 

| 
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LEMMA 2.11: Let tt C [1,3], ml >_ 0, m2 >_ 1, k >_ ko, and n > j > ml+m2+ko.  
Then 

(2.63) Dj {i _< 2*°q2m2 

and 

ml+m2 ) 
(t*) (~) (2.64) Dj E ~i,k _< 21°q~m> 

i=ml +1 

Proof." 
(2.63) is less than 

"tnl+m2 m l + m 2 - - i  

2 E  E 
i=ml+l  u=O 

Consider (2.63). Using Lemma 2.10, we obtain that the left hand side of 

ml+m2 ml+m2--i  

ICovSt')({i,~i+.)[_<2 E E 60q2max(q-['12]'-~) 
i=ml + 1 u=O ( 1) 

_< 120q2m2 1 - q-U2 + n _< 21°q2m2" 

Similarly, (2.64) follows from (2.58), and the lemma is proved. | 

Let 

(2.65) 
(2.66) 

where 

(2.67) 

and 

(2.68) 

LEMMA 2 .12 :  

Proo~ Let 

d l = [ n  2/3]+1, d l = [ n / d l ] ,  j o = n - [ 2 1 0 g q n ] - l = n - k o ;  

(u) ~(') ~M,x,°' u), O < i < d 2 ,  i = E ~u ko k ' Y 
uEAi 

A i = ( i d a + k o , ( i + l ) d j - 2 k o ) ,  O < i < d 2 - 1  

(dld2 + ko,jo - 2ko], i f j o > _ d l d 2 + 3 k o + l ,  
Ad2 = 0, otherwise, 

^.(u) = w(~) _~j,~(u)w, # E  [1,3], j =  1,2, (a, J j  . . . .  

Let 0 < i < d2, j > jo, and p E [1, 3]. Then 

E]u) (~ (̂t*))4 <_ 29q4d~(2ko + 1)2. 

a(U) = r:(u)/~?(g) Z(u) [(~) x?(~) 
V l  V2 V3 t/4 ~ j  k%t]l,ko%tz2~ko~v3ffgo%tz4,ko 1" 
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It is easy to see that  

Vl ,~2,v3,v4 EA I 
u I _~v2_~u3_~v 4 

Using Lemma 2.6, we obtain that if u2 - ul > 2ko (u4 ~3 > 2ko) then c(~) is 
- -  %ul ,ko 

c(") is not dependent  ~ ( ' )  c( ' )  ,¢(") ~ (correspondingly, ',~,4,ko not de endentD on tsu2,ko, sua,ko % v 4 , k o  ] 

on ~(~(")~,l,kO,,,,~,koC(") ,c(')~,~,3,kojj. ~ Hencea'~'2~'a~'4=Oifu2-ul>2ko°rv4-u3>2ko" 
Bearing in mind tha t  ~(") < 2q (see (2.27)), we get that  

V~,I~0 - -  

E}t~)(¢}tt)) 4 ~_ 4! E E (2q)4 -< 4!(2q)4d~(2k°+ 1)2" 
/~1 ~ v 4 ~ A i  v 2 , v 3 E A i  

~2 -- Vl  , ~4  -- ~3 ~ [ 0 , 2 k 0 ]  

This is the desired result. | 

L E M M A  2 . 1 3 :  

(2.69) 

Proo~ 

Let j e [jo, n], jo = n - [2 logq n] - 1, and p e [1, 3]. Then 

DJU)( f (M,x ,y-u ,u))  >_ 2-1°j log2q,  forn >_ no(q). 

Let M e [0, q J), and 

M + (Nj + dj)q j = ~ aiq i, w i t h a i E [ O , q - 1 ) ,  
i=O 

Mi = [M/qi+l]q, M~ = [(M + (Nj + dj)qJ)/qi+l]q, i = O, 1,2,.. . .  

By (2.25) and (2.26), we see tha t  
(2.70) 

n 

f ( M  + (Nj + dj)qJ,x,y - u,u) = E ~i(M + (Nj + dj)qJ,x,y,u) 
i=0  

n a i - - 1  

= (g (bi + M ' , x , y )  - gi(b  + 
i----0 bi=O 

From (2.19) we obtain for i E [1,j) 

(2.71) 
gi(bi + M[, x, y) = - {qiy} + I(Ri(x) <_ Ri(y))I(T b~+M~+N;q~-~ (qix)) < {qiy}) 

+ I(Ri(x) > Ri(y))I(Tl+b~+M~+g~q¢-'(qix) < {qiy}). 

It is easy to see for x, e C [0, 1), and i < j that  

(2.72) 
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In view of Lemma 2.1, we have tha t  

(2.73) 

• . . t . 

TL+N;qJ- ' (qix)  T L ( [ q J - ' { q ' x } ] T . T N ; ( q ~ x ) ~  L i = . = T (q XN, j )  , \ q~-~ ] 

with L = bi + Mi, bi + 5/£i + 1, 

where, according to (2.72), 

(2.74) 

and we find tha t  

q~ 

[qiXN,j] = [qix], for 1 _< i < j. 

R i ( X N , j  ) = R i ( x ) ,  for 1 < i < j.  

Thus, by (2.2), 

(2.75) 

Now, from (2.71), (2.73), (2.75) and (2.26), we conclude tha t  

gi(bi + M~, x, y) = gi(bi + Mi,  XN,j, y), 

and 

(2.76) ~i(bi+ M ~ , x , y , u ) = ~ i ( b i +  M,i, XN, j , y ,u )  

Bearing in mind tha t  I~i(M, x, y, u)l < 2q, we obtain 

(2.77) 

for l < i < j .  

I f ( M  + (Nj  ÷ dj)q j ,  x, y - u, u) - f ( M ,  XN,j, y -- u, u)l 

= E ~ i ( M + ( N j + d j ) q J ' x ' y ' u ) - ~ i ( M ,  xN,j ' y , u )  
ie{o}u[j,n] 

<_ 2 q ( n -  j + 2). 

79 

By (2.77) and the inequality 2a 2 + 2b 2 > (a - b) 2, we have tha t  

D (~) {~{M x >ID(~)~  ~( ~z (2.78) J'(Nj+dj)qJ~J' ' ' y -  U,u)) --2 j,O \ J k ~ " ' X N , j ' Y  -- 72,?l)) 

- 4 q 2 ( n  - j + 2) 2. 

If follows from (2.24) tha t  the function f ( M ,  x, y, u) is periodic over y with period 
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1. Hence, by (2.45)-(2.48), we obtain 

DJ~)(f(M, x N , j , y - u , u ) )  

= DJ~)(f(M XN,j,y,u)) 

1 qJ-1 M-1 2 
a=o E~) f (M,  XN,i,Y,U) dw, = ~M~=O/C~ ( E (I[o,v)({Ta(xN,i)--U})--Y) - , ) 

>__ inf inf 1 ~ o J ] ~ ( M - 1  )2  
x,uE[0 1) pER q'-~ E (I[°,Y) ({Tk(x) - u}) - y) - p dy. 

' k=0 

Using (1.2) and Fubini's theorem, we obtain 

(~) 
Dj, o ( f ( i ,  XN,j, y -- u, u)) 

,nf - x,y~[0,1)pERl o E (I[o,Y) ({Tk(x) -- u}) -- y) -- p dydz 
k=0 

>_ 2-s j  log 2 q. 

Bearing in mind that j > n - [2 logq n] - 1 and 

4q2(n - j + 2) 2 _< 4q2(2 logq n + 3) 2 < 2-1°j log 2 q, 

for n >_ no(q), we obtain the assertion of the lemma from (2.78). I 

LEMMA 2 . 1 4 :  

(2.79) 

Then 

(2.80) 

for n > n: (q). 

Let p G [1,3], n > j _ jo = n -  [21Ogqn + 1], and 

d2 

f(") (M, x, y, u) = ~ "  C (") (M, x, y, u). 
i=0 

(z) (z) 21°q4n > Dj (f~ (M,x,y ,u))  > 0 .7 .2 - : :n log2q  

Proo~ 

(2.81) 

where 

d2 

~ _ l ( M , y , u ) - - E  E ~u(M,x,y,u), 
i=0 uEA~ 

(2.82) 
(2.83) 

A~=[0 ,  ko], A ~ = [ i d l - 2 k o ,  i d :+ko]  f o r l < i < d 2 ,  

d3 = min(d:d + ko, n), 
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and 

(2.84) 

(2.85) 
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A' = [did2 - 2ko, d3] U (max(d3, jo - 2ko), n]; d2 
de 

~(-u2)(M'x'y'u)= E E (~'(M'x'y'u)-~(U,;o (M'x'y'u))" 
i=0 u E A i  

81 

It follows from (2.25), (2.66)-(2.68), (2.79) and (2.81) (2.85) that 

(2.86) f ( M , x , y  - u,u) = f(o")(M,x,y, u) + ~_,(M,x,y,  u) + ~(_u2)(M,x,y,u ). 

By (2.81) (2.84), we see that 

(2.87) I~-l(M,x,y,u)] <_ 2q(d2 + 1)(6ko + 2) _< 25qkod2. 

Applying Lemma 2.9, we obtain for u < jo - ko 

,~(t0 ~(,) 60q2-ko 60q2/n2. (2.88) r)(u)tc(u) _ ~,) < aqr~j -- ~I < < 
" ~  j V ~ u , k o  - -  u , k o  - -  - -  

Now by (2.67) and (2.85), we conclude that 

(2.89) r)(~)tf(~)~ _ 2 ,~(~),~(~) ~ j  ~s-2 J < n m axuy  (%,ko - ~ )  -< 60q2" 

Using (2.78) and (2.86)-(2.89), we get 

D(") /~( ' ) t  A~ 1 n ! " ) ( f ( M , x , y -  u,u)) - 2D~U)(~_I) j wo ~ .... x,y,u-.>- 2 ) )  

- 2DJ~)(~(_~ )) > 1D!~)(f~_ 211q2k2d2_ 120q 2. 
- 2 3 w~ 

Then, by Lemma 2.13, 

(~) (~) Dj (f~ (M,x,y ,u))  _>2-n(n - [21ogqn+ 1 ] ) log2q-  120q 2 

- 211q2n2/3(21Ogq n + 1) 2. 

Hence there exists nl = nl(q) such that 

Dj(~)(f(U)(M,x,y,u)) _> 0.7-2-11nlog2q for n _> nl. 

The right hand side of (2.79) is proved. 

By Lemma 2.6 and (2.66)-(2.68), we have that ((u) (0 < i < d2) are indepen- 

dent random variables. 

In view of (2.79), we see that 

d2 d2 ( 
~ - ( , ) , , ( , ) , . ,  (,) (,) D~") ;(") "~ 

i=0 i=0 vEAl 
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From (2.67) and (2.68), we find tha t  maxi, .eA, v < jo - 2ko. 

Therefore, we can apply (2.64): 

DJ")( f (o~)(M,x,y ,u))  < 21°q4n. 

This is the desired result. | 

We need the following generalization of the Berry-Ess~n theorem (see 

[H, p. 62]): 

Suppose tha t  for each variable k, Xko, X k l , . . . ,  xkk-1 are independent with zero 

means, 5 E (0, 1], 

k-1 
(2.90) E E(x2i)  = 1, k > 1, 

i=o 
(2.91) max E(x2i)  --+ 0 as k -+ c¢. o_<i_<k-1 
Then there exists a positive universal constant C such tha t  

k--1 k-1 

P(~--'i=.o ) ~( t )  < l+x--------- Z C  EE( Ixk i t2+~)"  (2.92) \ < t  - 

- -  i----0 

LEMMA 2.15: Let  # E [1,3], and n > j >_ Jo. Then 

Jo t + ( N j + d j ) q , x , y , u )  < t ~ d y _ ¢ ( t  ) 
(2.93) \ l D  (") I r ( ' ) l M  x ~, u ~ l / 2  t j,(Nj+dj)qJtJO t , ,~, ss] 

< c22Sq3n -1/6 logq 3/2 n, n > nl(q).  

Proo~ We use Berry-Ess~n's inequality (2.92) with 5 -- 1, k = d 2 + l ,  and xk~ = 

¢( ' ) /do , , ,  with (do,,) 2 = D~' ) ( fo(M,  x, y, u)), 0 < v < d2. It follows from (2.66)- 

r:(") 7(") 7(") are independent with (2.68) and Lemma 2.6 tha t  the variables ~o , ~,1 ' ' ' ' '  ~,d~ 

zero means. 

In view of (2.79), we conclude tha t  (2.90) holds. Using (2.65), (2.66), Lemma 

2.11 and Lemma 2.14, we get tha t  

E~ ") (¢('~)/do,.) 2 = D~")(~ "(")/do,.) 
10 4 (.) (t t) < 2 q dl(D~ (f~ ( M , x , y , u ) ) )  -1 = O(n-1/3) ,  

and (2.91) holds. 
Bearing in mind Ljapanov's inequality 

Ej(,), ,3 (,) 4 3/4 
, 
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we obtain from Lemma 2.12 and Lemma 2.14 

Ej.)l¢(.)/a0,.13 < (29q4d (2k0 + 1)5. (2-12nlog2 q)2)3/4 
<_ (236q4n -2/3 logq 2 n) 3/4 = 227q3n -1/2 log 3/2 n. 

Now, by (2.65) and (2.92), the assertion of the lemma follows. | 

3. P r o o f s  of  t h e o r e m s  

The three theorems will be proved together in the same way. We will use the 

index # = 1, 2, 3 in each case corresponding to Theorem 1.1, Theorem 1.2 and 

Theorem 1.3. Let 
n 

{0,. 1}, (3 .1 )  N :  E iq , Ca ~ 0, Ci e . . ,q--  
i=0 

1 N-1 

D (') (h (M,  x, y, u)) = n (') (h) = E (u) (h - E ( ' )h) : ,  

1 ~ 1 / G  f ( M , x , y , u ) -  S( t t ) f ( i ,x ,y ,~ t )  t)dwtt ' 

(3.2) 

(3.3) 

(3.4) 

with p = 1, 2, 3. 

By (2.24)-(2.26) and (2.46), we see that 

E(~) f ( M , x , y , u )  = O, for i t =  2,3. 

Using Fubini's theorem, (2.24) and (1.5), we obtain 

E(~) f ( M,  x, y, u) = (l[~,~+y)(Tk(x) ) - y )dzdw w 
,u 

By (3.3), (1.8), (1.11) and (1.13), we find that  

E(1) f (M,  x, y, u) -= e(x, u, N) ,  

and 

(3.5) D ( U ) ( f ( M , x , y , u ) ) = a u l o g q N ,  f o r p - - 1 , 2 , 3 .  

Now, using Fubini's theorem, we obtain from (3.4) that the left sides of (1.7), 

(1.10) and (1.12) are equal, respectively, to 

I A ( " ) ( t ) -  O(t)l for p = 1,2,3. 
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Let 

(3.6) 
1 q J-1 

i f  f (M + (Nj + dj)qJ,x,y,u)- E(~)f(M,x,y,u) 
× 

(D(,)(I(M, x, y, u))i/2 

where 

It  is easy to verify tha t  

Nj = q[N/qj+l], j = O, 1 , . . . , n .  

cj - 1 

= qJ A (~) [t~ A(.)(t) E , 

j = O  dj  = 0  

We see tha t  for Jo = n - [21Ogq n + 1)), 

cj --1 

- - qJ ( A  (~)  ( t~  A(")(t) O(t) ~ E -~' N,j,di'' ~(t)) 
j = j o + l  d j = O  

jo 2qJo+ 2 
~ - l  qJ lN~?  dj (t) _ ¢ ( t )  < - -  

j = o  d¢ =0  

Hence 

< t)) dw,, 

< 2q 3 
- -  $ t 2 "  

cj  - 1  q j  

2q3 ~ E -~ N,j,aj (t)-o(t)] IA(")(t) - 4,(t)l _< - j  + n (') 
j = j o + l  dj----0 

< ~2q3 + q  max max IA~dj(t)-- ~(t)l. 
- -  jE ( jo ,n ]d jC=[O,c j )  ' ' 

Thus to prove Theorem 1.1-Theorem 1.3, it is sufficient to verify tha t  

(3.7) D (~) (f(M, x, y, u)) E [2 -12 log 2 q, 212q 4] 

and 

(3.8) A~!j,dj (t) - ¢(t) = O(n -1/z) 

for all t E R, j E (j0, n], and dj E [0, cj) where O constant depends only on q. 

We will conclude (3.7) and (3.8) from Lemma 2.14 and Lemma 2.15. To this 

end we need the following est imate of expectations: 
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(3.9) 

and 

(3.10) 

Proo~ 
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Let p • [1,3], and n _> j > jo = n -  ko, ko = [21ogqn] + l. Then 

E(~) f ( M , x , y _  u,u) = p(t~) d ~ ) ( M , x , y , u )  + O(nl/alogqn) ~j , (Nj  +dj )qJ J 0 

D ( ' ) f ( M , x , y  - u,u)  = r~ (u )  f~U)(M,x,y ,u)  + O(n5/610gqn). z.~j, (Nj +dj )qJ 

From Lemma 2.6, (2.79), (2.85) and (2.66)-(2.68), we find that  

f ( " ) (M + (N,  + b , )q~,x ,y ,u)  and ~(_~)(M + (N,  + b , ) q ' , x , y , u )  depend only 

on the first n - ko = jo digits of the q-expression of M + (N,  + b,)q ~. Hence for 

v , j  > J o  

(3.11) 

(3.12) 

(3.13) 

and 

E (~) d ' ) ( M , x , y , u  ) = p( ' )  r(')(a% u), v,(Nvwb~)qV3 0 ~ j , (N j+d j )q j j  0 ~.~.~,x,y, 

D(") (f(o")(M,x,y,u)) = D(') ( f (o ' )(M,x,y ,u)) ,  v,(N~ +b~ )q" j,( Nj "-Fdj )qJ 

E(~) 1((~2 ) E(~) p(~), .~(N~+b.)q- - t = j.(NS+a~)q~ ~-2 . 

(3.14) D( ' )  tz(~)~ = D(~) )q~ (((_~)). v,(N~,+b,,)q ~" ~',--2 ] j ,(Nj+dj 

From (2.49), (2.67) and (2.85), we conclude that  

(3.15) E (~) z(~) < 15q2n/qkO < 15q2/n. u,( N~, +bL, )q v "~-- 2 -- 

In view of (3.1), (3.2), (2.44) and (2.45), we have that  

(3.16) E(•) f ( i , x , y -  U,U) : ~ c ~ l  q V s ( # )  ¢ ( M ,  v,(N~.t_b~,)q~j~ x , y  - u,u)  
~,=0 b~, =0 

and 

(3.17) 

~ Cv--I V 

E (~) "(~)~'" u) --~ / .  "N j,(NjTdj)qJJO k y--  U, j,(Nj+dj)qJ]6 ( lv l ,x ,y- -  u, ~ "  q E (~) r ( ' ) rM,  x, u). 
v----0 b~----0 

It follows from (2.25) and (2.79) tha t  

(3.18) [ f ( M , x , y , u ) [ < _ 2 q ( n + l )  and [ f o ( M , x , y , u ) l < 2 q n .  
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Hence 

(3.19) 

I E ( u ) y ( M , x , y - u , u ) - E  (u) ¢ ( " ) ( M , x , y - u , u ) ]  j , (Nj  +dj )qJ J 0 

jo q, 

< Z + 

_< 8nq2-ko + q2 

c~-1 q. E (~) ¢(U)(M,x, u) -~ ~,(N~+b~)q~ , Y -  It, 
u = j o + l  b~=O 

- E (") )qj f~") (M,  x,  j,(N5 +d~ Y, u)l 
max max IE(~)N~+b~)q.f(M,x,y--u, it) 

ue(jo,n) b~E[0,c,) 

(.) (u) 
- E~,(Nj+dj)q¢f~) (M,x,Y,  It)[. 

By (3.11), (3.15), (2.86), (2.87), (2.62) and (2.65), we see that 

E (~) M u) p(t,) ¢(~)t~% u,(Nv+bv)qUf ( , x , y - - I t ,  - - ~ j , ( N j + d j ) q j j  0 ~. . ,x ,y ,u) l  

= E (u) ~(f(M, It, It) f(o")(M,x,y,u))l (3.20) .,(N~+b~)q x, y -- -- 
(it) u,( Nv..l.bu )q~ <_ E,.(g~+b.)q~l~-l(M,x,y,u)l + E (~) I¢(~)(M,x,y,u)[ 

< 25qkod2 + 15q2/n = O(n 1/31ogq n), for u, j > jo. 

Using (3.19), we obtain the assertion (3.9). 
Now consider (3.10): Similarly to (3.17) and (3.18), we find from (2.45)-(2.48), 

(3.2) and (3.3) that 

~ . - 1  q. E (~) 
D(U)( f (M'x 'y 'u) )  = E --N ~,,(N~+b~)q " ( f ( M ' x ' y ' u )  -- E( t ' ) f (M'x 'y 'u ) )2  

u=O b~,=O 

and 

D(U) , , (u)  , . , ~ c~__~l qu D(t, ) ( f~ )  ( M, 
j,(Nj.t_bj)qjl, f o  ( I V I , X , y , u ) ) =  - N  j,(Nj-t-bj)qJ x,y ,u)) .  

u=O by =0 

Using (3.18) we conclude analogously to (3.19) that 

[D(U)(f(M,x,y,u)) "-'(') . . ( . ) . . .  -- lJ j , (Nj .Tbj)qj  (J(~ (WI, X, y ,  It))] 

~16q 2n2 
v----0 

n c,--1 v 

u = j o + l  b~=0 

(3.21) (") M - Dj,(N~+b~)q~(f~ ( ,x,y,u))[ 
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and 

<16q 3 

(") M u) E ( " ) f ( M , x ,  u)) 2 max max E . . . .  ( f (  ,x ,  - + q2,,_,. ~' b Ero c ~ [ ~,(Nv+b~,),~ Y' Y' 
'k::k30, I v L , v) 

r~(u) ( ¢("):M x --L"j,(Nj+dj)qj~,JO ~, , ,y ,u)) l .  

It is easy to see that  

(f - E(U)f) 2 ----(f - E~U) f + (E (") - E(U))f)2 

+ 2(f - E(u)f)((E(U) - E("))f) + ((E (u) - E(U))f) 2 

E'.(f - E(U) f) 2 = D(u)(f) + ((E (") - E("))f) 2. 

Applying (3.9) to u = j > jo and b. = d.,  we obtain 

E (') ~f - E ( . ) f )  2 = D(U) O(n2/31og~n). .,(g.+bv)q , .,(Nv+b~)q"(:) + 

Using relations (3.21) and (3.12), we conclude that  to prove (3.10) it is sufficient 

to verify that  

(3.22) D (") (¢~ = D (") :¢(")~ O(n 5/6 logq n) u,(Nv+bv)q v \ a j  u,(Nv+bv)q vkaO ' ~.- 

for . E (jo, hi. 
By  (2.86) we find that  

D ( " ) ( f )  = e ( " ) ( ( f ( o " )  - g(vtt)fo) + ( ~ - 1  -~- ¢(--P) - gv(" )  ( 4 - 1  + ~(-~2)))) 2 

(3.23) - -D (') :¢ (")' ff(.~) ) - -  . w o  :+D(")(ff-a+ - 

+ 2E(U)(f ( " ) -  E (") f~")) (¢-I  + ¢(-~) - E ( " ) (¢ - I  + ¢(~2))) • 

In view of (2.65), (2.87), (2.89) and (3.14), we have that  

D(")((('2) ) _< 16q 2 and D(" ) ( (_ I )  <_ 21aq2n2/31og2q/3n. 

Hence 

(3.24) D (") (~-1 + ~(-~)) = O(n  2/3 log2q/3 n). 

Bearing in mind that  If  (") (M, x, y, u)l<_ 2qn, from (3.20) we obtain 

E(")(I f (o")-  E(")¢("), J0 , " 1¢(-~ ) -  - E(")¢(~)]) - < 2qnE(")]¢(-#2) - E(")¢(-~ )l (3.25) 
< 30q 3. 
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Now, from Lemma 3.1, (3.12), (2.87) and (2.65) we see that 
(3.26) 

E(~)(If~') - E(~ È) f(o')l • I~ -1 -  E(')~-II) -< 25qkod2E(')lf~') - E(~) f~')l 
< 2Sqn 1/3 logq n(D(~ ~) (f~u)))l/2 < 213q3n5/6 logq n. 

Substituting (3.24)-(3.26) into (3.23), we obtain the assertion (3.22). The lemma 
is proved. II 

Completion of the Proof of Theorem 1.1-Theorem 1.3: 
(3.27) 

f - E(") f  

Let j > j0. We see that 

f~)  ~(~)¢0,) foO,) - ~ j  Jo _ f -  
~//r)(~) (r(~)~ 

~-~j ~J 0 ] 

E j ( , )  ~(~) _ E(,) f Jo + 

+(f~)  r-(~)~(,)~ ( 1 
- - ~ j  Jo J 

:=A1 + A2 + A3. 

It follows from Lemma 2.14 and Lemma 3.1 that 

(3.28) 

and 
(3.29) 

1 

A2 = O(n -1/6 logq n) 

1 ~ j  wo j - D ( ' ) ( f )  

V~ ' j  (.to ) 

Let 

(3.30) 

----O(n - 2 / 3  logq n) .  

~ )  = {(w~, M) E G~ × [(Nj + dj)q j, (Nj + dj + 1)qJ)l 

I.f(o')(M,x,Y, u ) - - j  ~o ~ .... x , y , u ) l >  V - J  Jo }" 

In view of Lemma 2.14, (3.29) and (3.30), we have that 

(3.32) 
(~) (~) A3=O(n-2/31ogqn~/Dj (Y; ))----O(n-1/61ogqn) 

for (w,, M) • ~ ' ) .  

(3.31) ~1 mesl2~) _< 1 _ O(n_W2). 

VUj uo J 

By Tchebishev's inequality and Lemma 2.14, 
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Now consider AI: Let 

n 
(3.33) ~t~" : {(w,,M) E G,x[(Nj+dj)q j, (Nj+dj+l)qJ)l((_~2) ~ [0, qk---~-l) }" 

From (2.86), (2.87) and (2.62), we find that 

I / -  fo(")l = I~-1 + ~o(")l <_ 25qko~2 + 1 

By Lemma 2.14 and (2.65) 

(3.34) A1 = O(n -1/6 logq n) 

Using (2.85), we have that 

where 

gt(P) { 2#,= (wu, M) EG. 

for (w,, M) ¢ ~t~ ~). 

for (w,, M) ¢ ~t,). 

d2 

i=0 vEAi 

x [(Nj +dj)qJ,(Nj +dj + 1)qJ)l 
~ ~(tO 1 1 

qkO-1 ' qko-1 " 

Applying Lemma 2.7, Lemma 2.8 and (2.27)-(2.30), we show that 

1 m e s ~ )  
q3 

{ [ 1 ) }  <_2q sup maxmes yE[O, 1)lg,,ko(L,x,y)-g~(L,x,y)} ~ 0,~-; 
xE[0,1) LEB1 

1 qk°-I + q sup max ~ (1) aqkO I(g,,ko(L+ x,y)--g~(L+aqk°,x,y)) 
x,yE[0,1) aEB2 ~ L=0 

< 5 / q  k ° - I  , 

where 

and 

Hence 

B1 = [ ( N - j + d j ) q  j, (Nj +dj + 1)q j) 

B2 = [(Nj + dj)q j-k°, (Nj + dj + 1)qj-k°). 

(3.35) 1 mes~(2~) < 5n/qko_ 1 < 5q/n. - - - - 7  - -  - -  q3 
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We denote the left side of (3.27) by A. Let 

A1 = inf A and A2 = sup A. 
w M ~ ' t ~ ( U ) U f i  0 ' )  (~) (~) 

t , ,  Jr- 1 2 ( w ~  M ) ~ f ' t  1 U f l  , 2 

From (3.28), (3.32) and (3.34), we conclude that 

(3.36) A1, A2 = O(n -1/6 logq n). 

We find that for (w~,M) E ~t , )Uf l~) ,  

*(t ' ) 'M x - u ~ E (~)*(~) 
I (J°  ( , ,Y, ) -  j 1o A2 ~ < t -  

\ ] 
VUj (Jo ; 

< i(/(M,x,y- E<.>/< t) 
- - ~  

"(~):M x u" E ( ' ) ' ( ' )  < I (  ]6 ( ' 'Y' ) -  J ](J A1). 
__ \ ~//D~,~-(f~.~) < t -  

According to (2.24), the function f (M,  x, y, u) is periodic with period 1 over 
y. Hence, by (3.6), we see that 

1 q ~ - l f  I f ( t ' ) (M+(Nj+d j )qJ ' x ' y ' u ) - ' - ' J  Jo 
- :  . /r)(~)(d~)~ < t -  A2 dw~ 
qa J G u  V ~ J  kJo ] 

- ~ f  mes(fl~t')U fl (t')) _< A~,~,dj (t) <_ ~j mes(~")  U fl ( ' , )  

M~O --j Jo < t - - A 1  dwt,. + ~ = 1 , , I  I N  (') 

Applying Lemma 2.15, we obtain 

A(V~,d ' (t) - (P(t) = O(n -V6 loga/2 n + ~j mes (~" )  U ~ " ) )  

+ max(l(I)(t) - 0(t  - A1)l, IO(t) - q)(t - A2)[)), 

where O constant depends only on q. Since 

1 r t + v  2 I 

[O(t)--a2(t +v) l=  ~ Jt e-~ /2ds < Ivl' 

Isr. J. Math. 
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from (3.31), (3.35) and (3.36), we conclude that 

A (u) (t) - ep(t) O(n-1/6(logq n)3/2), 
Nj  , j ,d j  --- 

w h e r e  O constant depends only on q. The assertion (3.8) is proved. 
Now from (3.5), Lemma 2.14 and (3.10), we obtain (3.7) and the assertion of 

Theorem 1.1-Theorem 1.3. | 

4. A p p e n d i x  

Here we consider a slight modification of the proof (see [KN, pp. 100-104]) of 

Roth's theorem. 

Let /~1,...,/3N be given points in the s-dimensional unit cube [0,1) 8, 

/3i = (/3i1 . . . . .  ~is), i = 1 , . . . ,  N; and let A(x) denote the number of points/3i, 
1 < i < N, in the box [0, Xl) × . . .  × [0, xs), with x - -  (xl . . . .  ,xs). 

We use notation of [KN, pp. 100 104]. From [KN, Lemma 2.1, p. 100 and 
p. 104], we see that 

(4.1) f[o,1)~ F(x)dx=O and f[o,1) s A(x)F(x)dx=O. 

By the Cauchy-Schwartz inequality, [KN, p. 104] and (4.1), we obtain 

f[o (A(x) - Nxl . . .  x - p)2dx 
,1p 

>- ( /i,i)s(A(x) - NXl " "Xs - p)F(x)dx) 2 ( f[o,1)s F2(x)dx) -1 

= (f[o,1) (A(x) -Nxi . . . xx )F(x)dx)2× (f[o,lpF2(x)dx) -1 

_> 2-S~(s _ 1)l-S(tog2 N) ~-1. 

Hence 

(4.2) inf f (A(x) - NXl.. .x~ - p)2dx > 2-8S(s - 1)l-S(log2 N)  s-1. 
per J[o,)~ 

We apply this inequality to s = 2, xl = y, x2 = z,/3~1 =/3i-1,  and/~2 = (i-1)/N, 
1 _< i _< N. It is easy to see that ( i - 1 ) / N  < z ¢v i -  1 < LzNJ. Hence 
A(y, z) = ~-~ffNJ l[o,y)(/3i). Using (4.2) we find that 

1 1 [zNJ 2 

i n f f0  fo ( E ( i [ ° ' Y ) ( / 3 ' ) - Y ) - P ) d y d z > _ 2 - S l o g 2 N .  | 
pER i=0 
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